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ap > Pap_y, n=1,2,-++; (1.11)
(ii) B(z) is NBU(new better than used, i.e. B(z)B(y) > B(z +y), for z >0, y > 0);
(iii) Equation (1.5) holds;

(iv)

J2°[Blz — z 4 y)|'dF (y)

[A(z)]™! > OSzSil,le(z)>0 o) : (1.12)
then _
¥(e) 2 —RAG). (1.13)

In this paper, we extend these results to the tail of the convolution of a compound

distribution with an arbitrary distribution. We then apply our results to the ruin proba-
bilities of a compound Poisson claims process perturbed by diffusion and to the equilibrium

waiting time distribution of the M/G/c queue.

2 Bounds for the Tail of Convolutions

In this section we derive our main results. The following theorem gives an upper bound of

the tail (z) defined in (1.4).

Theorem 2.1 Assume that
(i) The conditions of Proposition 1.1 hold;

(i) The quantity ¢4 is defined by

63t = [T {BW)dAw) 21)



(i) The function c4(z) satisfies

LB RBOITAY .,

[ea(z)]™ < T(x) , z>0. (2.2)
Then,
#o) < 1 - R A 4 (e} (2:3)
Proof:
¥(z) = Z(x)+/:Gm— VAA(y)
< A@)+ S [ ela ~1)Bla - 1)dAQ)
< e) + —Ro(e)B(s) [ (Blo)} " dAw)
- ;”f’cmmné— [ Bwy ey
_ ¢ ¢p o(z)B(z) - 1—”%(93 Bo) [ {(Bw)}aAw)
< o)+ ¢p0c(m)§(m)—-l-¢—oci(2)f4()
= 1= SR + (e Ble). (24)

Some remarks are now made.

(a) In many applications, we are able to choose c4(z)

= ¢4, for example, if B(z) = e

and A(z) is NWUC(see Willmot, 1994). In this case, the bound in Theorem 2.1 looks .

like a mixture.

(b) If the moment generating function exists for both F'(z) and A(z),we may chOOSe B(m) o o
1+ m:)""‘»l T
will be a good candidate(see the discussions in Willmot(1994), Lin(1996) and those - B

to be an exponential distribution. If not, a Pareto distribution B(z) =

in the next section).



In order to find a lower bound for the convolution type we have considered, we assume

that both F(z) and A(z) have a moment generating function without loss of generality.

Otherwise, we consider the distributions obtained by truncating F'(z) and A(z) from above

and the lower bound derived in this way will be also the lower bound for the original

distribution(see Lin, 1996 for details). Thus, we choose B(z) = e~". If the conditions in

Proposition 1.3 are satisfied, then

where

Theorem 2.2 Assume that

(i) the conditions of Proposition 1.3 hold with B(z) = e™*%;
(i1) The quantity ¢4 is defined by

= [ evanty)

(ii1) The function c4(z) satisfies

e [7 edA(y)

[ca(2)] ™t > T , >0,
Then,
$(o) 2 (1= 2RI + (R
Proof:

¥(@) = A)+ [ Cla - v)dA()
> Az) + ! —¢po /Ox §(z —y)e " FNdA(y)
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(2.5)

(2.6)

(2.8)

(2.9)



> Az)+ = ;po'é(m)e"‘” /Ox edA(y)

Y 1—p0 —KT 1 e Ky
= Aw)+ 0@ (-~ [ evdA())

> Az)+ lqg;f 0 §(z)e — 1 "¢ Po C‘ffg)Z(x)
_1—P05_($)_—$ 1ip0 z)le " '
{1-—= CA(x)}A( )+ 75, )ye . (2.10)

| | -
Similar to the remark (a) following Theorem 2.1, if ‘B(z) = ¢7* and A(z) is NBUC,

then c4(z) = ¢a(also see Lin, 1996).

3 Applications

In this section, we apply our results to two cases: the compound Poisson claims process
perturbed by diffusion and the M/G/c queue.

Dufresne and Gerber(1991)(also see Gerber, 1970; Veraverbeke, 1993; Furrer and Schmidli,
1994) considered the following model:

Ut)y=z+ct—St)+W(t), t>0, (3.1)

where U(%) is the surplus at time ¢, z > 0 is the initial surplus, ¢ is the premium rate, S(t)
is the aggregate claims process which is assumed to be compound Poisson with parameter
X and individual claim distribution P(y), and W(t) is a Wiener process with inﬁni_tesifnal ]
drift 0 and infinitesimal variance 2D. It is also assumed that ¢ > Ay, where y is“thei '
expected claim size. Thus the relative security loading is ¢ = (¢ — Ap)/c. ‘

Let R(z) denote the probability of survival, i.e.

R(z) = Pr{U(t) > 0 for all ¢ 0} _i(3f"2”)Qi"~ " o

and 9 (z) denote the probability of infinite ruin. Then, ¢(z) =1 — R(z).
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Dufresne and Gerber(1991) have shown that

R(e) =} q(1— @ B « By (), (3:3)
n=0
where H; is the exponential distribution with parameter ¢ = ¢/D and H, has the density
function 1—'—]:(—91.
They further showed that if the moment generating function of P exists and there is a
positive « satisfying

A /oo e"*dP(z) + Dk* = X + ¢k, (3.4)
0

then
P(z) < e™". (3.5)

Obviously, if we let A(z) = Hy(z) and
-
G(z) = ;dl — q)"H{" * H3"(z),

then t(z) is the tail of the convolution of a compound geometric distribution with @n
exponential distribution and our results may apply. We will show in the following that the
exponential bound in (3.5) can be refined in some cases and a lower exponential bound
with the same  can be obtained. We will also show how to obtain an upper bound when
the generating function of P does not exist. |

Choose B(z) = e™** with & > 0 satisfying (3.4). It can be shown that
/ e dH, * Hy(z) = (1 — q)~™ (3.6)
0
It is also easy to see that ¢ =1 — ¢, ¢4 = ca(z) = §2—” Hence,

P(z) < {l- %i—)}e'fz + %e‘“. (3.7)

where

[2° e™dHy * Ha(y)

[e(e)) ™! = ol = T () (3.8)



Since k < ¢, if %—? < 1 this upper bound is a refinement of (3.5). That is the case when

P(z) is an exponential distribution.

Similarly, a lower bound can be obtained by replacing ¢(z) with é(z) and all other

parameters remain the same, i.e.

#o)2 (1 - Ay B2 (39)

where

[6(z)]™' = sup J;~ ™ dH, *Hz(y).

0<z<Lz 6n2H1 * Hz(z)

(3.10)

We now deal with the case that P(z) has a finite number of moments(this class contains

logarithmic and subexponential distributions).

Suppose that P(z) has the first m + 1 moments. We choose B(z) = (1 + mc)"”r1 with

k satisfying

/0 (14 ko)™ dH; * Ha(z) = (1— ¢)™" NGO

It can be shown that « is the largest real root of the following polynomial of deéi‘e_e_ m:

A /Ooo [1-P (y)]{i(m)i(g)"(l + ky)"~}dy = c, | | ..-(3-.;1'2“).,.; |

1=0

whose coefficients are a linear combination of the moments of P(z), where (m); = m(m —

1)« (m—t+1);(m)o =1. ' T

43 = (). | - @1)
Therefore, | o
P(z) < {1- ___c(a;) }e ¢ + Eg—a-c—)-(l + kz)™™ S (314)
- ca(z) $a 7 ST
where

1 e Jo (Lt sy)"dHy x Hy(y)
[c(x)] - o_é_l;lgw (]_ + RZ)mHl * H2(z) .

We now consider bounds on the tail of the equilibrium waiting time distriBution- ofthe

M/G/c queue. Assume that the distribution for the number of arrivals is Poisson with

10



rate )\ and the service time distribution is P(z) with mean pu. Let p = Ap/c be the traffic
intensity, where p < 1. The approximate equilibrium waiting time distribution function

Wi(z) of the M/G/c queue is then expressed as:
Wi(z) = A* W(z), (3.16)

 where A(z) = 1—[H(z)]° and H(z) has the density function 1'—_5-@, and W (z) is compound
geometric with p, = (1 — p)p™ and Y; has the distribution function H (cz).

Thus, we have

/0 " e dH (cx) = p, (3.17)
pit = [ e=afl - [H=))Y, (318)
and .
o el - @)
ca(z)™ T (3.19)
Thus,

i c(a) PO - v,
Wie) < (1= o )+ e (3.20)

If P(z) is IMRL, a simpler bound can be obtained. In this case, we can choose c(z) = p
and c4(z) = pa, and

Wi@) < {1 = =} H@)" + e (3.21)
It follows from [H(z)]®* < H(cz) that p < pa. Hence (3.21) is a mixture. Moreover, a
different type of bound can also be chosen. Let B(z) = [H(cz)]*~*. Then,

Wile) < {1 - 2} H@)F + L [H ca) . (3.22)
ca(z) PA _

A lower bound similar to (3.20) can be obtained and we omit it here.

Our results can be also applied to many variants of the M/G/1 queue since they are
of the form V % W(z), where V(z) is known and W(z) is the equilibrium waiting time
distribution of the standard M/G/1 queue(see Neuts, 1986).
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