


























as ¢ — 0 almost sure P as n — 00, (see Knight (1989, Theorem 2). Thus it suffices to show

Z ST rT < ey Pr(r)| 25
k=1

_ sup
0<t<1

almost surely P. This is clear because,

Z STV < ) Pp(t)| < sup S TRr@y V™ < o)pr(1) £ 0
<t<1,_

sup
0<t<1 |21
Cas. PO
Corollary 3.2 With the same assumptions as in the Theorem 3.2, assume {],...,€;} are i.i.d.

sample from

1 & B
F.(z)= ;;I(ei —-é<2)
we have

S*(t) = a—lze* 22 §%(t) = i(Pi*(t)—t)éiF:l/a.

1=1

Proof. Note that

Sx(t) = a;? Z Tt (e — &) = ay? Z (e = ay e Zn:Mi,n(t)

=1 =1 =1
- .

= SO(Pr(E) - 06T o
1=1

The following two lemmas will allow us to get the final result.(Theorem 3.4)

Lemma 3.2 If Z%(-) and Z*(-) are real valued convex stochastic processes on a random proba-
bility space (in fact P*(Z; € -) and P*(Z* € -) are random probability measures). Assume
Z) — fdg Z*(-) in distribution then there exist stochastic processes Z;*(-) and Z**(-) with

the same distribution as Z}(-) and Z*(-) respectively such that

(ZX*(t1)y - - o5 Z25 () == (Z7(t1), - - -, Z7*(tk))
for any ti,...,t in R. Moreover, if U minimizes Z(:), and U™ minimizes Z*(-) then
Ur 2 e

Proof. Since Z(:) — fdg

Z*(+) in distribution, thus for all real vectors (#1,%2,...,%) we have
(Z3(02), s Zo(t8)) 2% (27(t0), -+ 27(t8):

Thus,
G%(uy ..y up) — ¢*(uy,---oug)  on  {C%(—o0,400)}*
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where @) (u1,...,ux) and ¢*(u1,...,ux) are characteristic functions of (Z;(¢1),...,Z;(tk)) and
(Z*(t1), ..., Z*(tr)) alternatively. By Skorohod representation there exist a probab111ty space and
appropriate random processes such that

¢:;*(’U,1, ey Uk) -Cf'—s'> ¢**(U1, e ,’LLk).
Where
(U, ey ut) 2 Bh(u, .. pux) and ¢ (ug,...,up) 2 ¢ (ur, . .., u).

Using Bochner’s theorem ¢}*,¢** are characteristic functions with probability one, thus there are
random vectors (Zy*(t1),...,Z3*(tx)) and (Z**(t1),...,Z2**(x)) with characteristic functions ¢
and ¢* such that .
(Z3 (), Z37(88)) 2 (Z3(10), - Za(t)
and A ‘

(270, 2 W) B (25 (), 27(0))
In fact using Kolmogorov existence theorem Z7*(-) D ZX() Z2*(+) 2 Z**(+). By Lemma A in Knight
(1989) and the Skorohod representation, there exist a probability space and random variables U*

and U** on that space such that,

U;'L‘* — U*  almost surely

and :
uyr 2 Uy and U™ 2y~
Thus U} — U* in distribution. .00

Lemma 3.3 Supposé {€1,...,€,} are ii.d. random variables in the domain of attraction of a .

stable law with index o € (0,2]. Assume E(e}) = oo, E(g(&;)) = 0 and E(g%(e;)) = 1,
E(|h(&)]) < oo. Let {e],...,€:} be an i.i.d. sample from the distribution in (3.5). Define

[ns]

F3(s) = = > (h(el) - (D),
7=1
[ns]
Sn(s) = a;l D et
=1
and
[ns]
Wi(s) = E g(€})
2—1
where
OEFORY FOLLAO)
Then,

@) /0 52 () dW(s) 2 : §*(s) dW (s)
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and L
(ii) / §22(s) dE%(s) % 0
0
where §*() is as (3.6) and W is a Brownian motion. The integral in limiting distribution is

an Ito stochastic integral.

Proof. Based on Theorems 3.1 and 3.2 and Lemma 3.2, together with an argument similar to
Lemma 1 in Knight(1989), we can easily establish (i). For (ii), notice that E}(¢) has independent

increments, thus clearly
1 I

Z(h(f ~ h(e)) =

z—l
Define,

= — 1\, [i—1 i
Vim(s) =D _ 52 (2 ) I{ <s< —} + S2(D)I(s = 1).
; m m - m

By integration by parts twice, we will have

o= stomn-F (2) {5 (8) - (52—

for almost every sample path. Given {e1,...,€,}, {V, m(u) 0<u<s}and {Sy(u);0<u< s} are
independent from {E}(u) — EX(s);s < u < 1}.
We will have,

S72(s™) = ViE (5™ )\ < M} dE}(s)

E

852(57) = Vom(s7)| < M} ds

lim lim E*{

m—+00 N—+00

/0 ' (s;;?(s-) — V(7)) I

(|832(s7) = Varm(s)|) 1 {

lim lim — lh(e,) h(e)'/ E*

m—00 N—>+00

Qa.s. 0

since

2 X [pte) - @] 2 B {[hte) - P}

Moreover,

lim  lim P*{l / 5*2(5 ~ Vin(sT) I (

M —r00 MN—"+00

>5}'

8§32(s7) = Vin(s™)| > M) dE;(s)

< lim lim P* ( sup [Sx3(s7) — V;m(s‘)\ > M) =0.

M ——00 M,N—">00 05331
Therefore, :
1
/ S*2(s7)dEx(s) 2B 0. O
0

11



Theorem 3.4 Let assumptions (A1), (A2), (A3) hold and suppose that ¢}, minimizes
‘ : . . n
D*(¢) = _p(X; — $Xiy)
=2
where

X =Xi,+¢ 3.7,

{€f,...,€} are i.i.d. sample from (3.5) and {e1,...,€,} are in the domain of attraction of
the stable law with index a € (0,2]. Then

. n 1/2 N wo E? (¢2(€1))
o (Trn) @) = Friee
and if instead of the (8.7) we have X} = Xy + € then
n 1/2 i/2 (.12 .
. * 1 2 wp E (¢ (61))

where ¢ minimizes (2.5).

Proof. For (i) define,

n
Zy(w) = Y {p (¢ +uaz"n ™2 X24) — p (&)}
=2
By a Taylor series expansion of summands of Z;(-) around u = 0, we get.

Z3(w) = wan Y X2y { (&) - B} + uan2(n - 15(E)

- t=2

1 Lo e '
+§u2an2n IZXffl'gb (e¥)
=2 ’

where €* = € +u*a;ln"Y 2X}_, for some u* between 0 and u. By using Lipschitz continuity of P,
we will have

watn S X ()~ ¥ (D)) S batn Y538 (F22) 22
' =2 , t=2 :

uniformly over u in compact sets for almost any sample path because
N t—1 1 wd 1
n~! 25,23 (—) = / S§33(s7)ds = / §*3(s7) ds.
t=2 n 0 0

On the other hand,

wan~ X () - F@) = [ S267)dB(s) 2 0
t=2
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uniformly over u in compact sets. Also, clearly
wa; n" Y2 (n — 1)3(e) &3 0

uniformly over « in compact sets. Therefore Z7(u) d, Z*(u) where

2*(w) = BV {$*(e1) }w /0 * §(s) AW (s) + %EE [¥(@)} /0 " 542(s) ds

for any u in compact sets. By using Cramer-Wold device we can show the finite dimensional
distributions of Z(-) converge weakly to the finite dimensional distributions of Z*(-) in distribution
and thus by Lemma 3.3 the minimizer of Z}(u) converges weakly to the minimizer of Z*(u) in
distribution. The minimizer of Z(u) is an/n(1 — ¢};) and therefore

EY? {*(e1)} fy 57(s) dW™(s)
E{g'(a)} [y 2s)ds

an\/ﬁ($*M - 1) w_d> 0
Furthermore,
n 1/2 n -1 ‘
(ngf’l) Gu-1 = {a;zn_l Y5 (T)} any/n($hr = 1)
t=2 =2

v BV {80)} [5°(s) W)
E{¢'(e1)} {fol 5+2(s) d$}1/2'

1/2

For (ii), notice that

an/(ar — 1) 5 U = EY2 {p%(e1)} Jo S(s)dW(s)
n\/—_(ng 1) U= E{¢,(€1)} fol 52(3) s .

By the Skorohod representation, there is a probability space and random variables 6, and V in
which 6y, 2 éar and V 2 U such that an\/ﬁ@M —1) =3 V. Since a,, = nl/aL(n) and n is a slowly
varying function at infinity we get n(éM —1) 22 0. By the same argument for nearly nonstationary
process in Knight (1989) with 8 = 0 (ii) will follow. O

Remarks.

1. If E(€?) < oo then as in (2.4) we will have
(8n()s Wa()) = (Wa(-), Wa(")) on  D[0,1]x DI[0,1]

where in this case (Wy(-), Wy(+)) is a bivariate Brownian motion and Wi(-) and W(-) are not
independent if Cov(ey,(€1)) # 0. Similarly we can show-

=, w EY2(9(e1)) [3 Wi(s) dWa(s)
(;Xt—l) (o —1) — E(W'(e1)) (folW1(s)ds)1/2

n(odny — 1) = E1/2(¢2(€1)) fol Wi(s) dWa(s)
(opr = 1) E(W(e))  JIWi(s)ds
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and if n(1 - b,,) — f then

~ 2 VP w EMA(PX(er)) JLW3(s) dWi(s)
(ZX“) TR (gwieas)

=2

where "
Wi () = Wi(a) - 8 / Wi(s)eC~ ds.
0

Therefore clearly using M-estimators will not make the bootstrap to work in this case.

2. As we have shown in Theorem 3.3, it is obvious that if errors come from the domain of
attraction of a stable law with index o € (0,2] and E(e}) = co we will have

b gy wa, B e)) 3 8(s) AW ()
an‘/—ﬁ(¢M ¢M) ; E(¢/(€1)) Ofols*z(s)ds .

Therefore bootstrap will fail in this case too. Clearly this is true even for the case E(e?) < oo.
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