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Conditional Copula

» Consider a random sample {x; € Rd,)/1i € R,y € R}i<i<p
and suppose Fx(y1) and Gx(yz2) are the unknown marginal
conditional cdf's.

» The bivariate conditional copula (CC) of (Y1, Y2)|X = x, is
the conditional joint distribution function of U = F,(Y1) and
V = Gx(Y2) given X = x (Patton, Int'l Econ. Rev. '06)

Hy(t,s) = Co(Fx(t), Gx(s))

» The parametric bivariate CC model assumes there is a
parametric family C = {Cy: 0 € O} s.t.

Cu(F(t), Gx(s)) = Gy (Fx(Y1), Gx(Y2)).
» The simplifying assumption:

Ce(Fx(y1), Gx(y2)) = C(Fx(y1), Gx(¥2))-
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Why CC?

» We are interested in understanding the covariate effect on the
dependence pattern between responses.

» Joint models for multivariate data: if
Ui, Us, Uz ~ Uniform(0, 1) then the joint pdf

c(ur, u2, u3) = crz(u1, u2)ca3(u2, us) o, (Fur|uz), G(us|uz)).
» Regression-based prediction: if
hx(y1,y2) = fi(y1)gx(y2) o) (Fx(¥1), Gx(y2)), then

hy(y1ly2) = f(y1) o) (Fx (1), Gx(y2))-
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Why CC? - Model misspecification effects

» Marginals
» fi(x) = 0.6sin(5x1) — 0.9sin(2xy)
» f(x) = 0.6sin(3x1 + 5x2)
> 01 =0 = 0.2, X1 LXQ.

» Copula: 7(x) =0.71

» Model:

» Fit nonparametric model for marginals and CC with only x;.
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Gaussian Process Prior

» GP prior for smooth f without specifying the form of f.
» For x € [-5,5]", consider f ~ N,(0, K(x, x)) where
Kij(x,x) = k(xi, xj) and f; = f(x;)

» Cov(f(x:), f(x)) = k(xi, x;) = exp{—0.5 x @2}

L=5

xxxxxx

‘‘‘‘‘‘

» Random functions f generated from a GP prior when n = 100
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Gaussian Process Estimation

» Observe {y; : 1 <i < n} noisy realizations of f(x;)i=1,n,
yi = f(X,‘) + €, €f ~ /\/(0,0’2).
> When interested in predicting f* = (f(x}"))j=1,q use

(7 )~ mma (0[5 05™ K2 ])

» The conditional distribution of f* is Gaussian with
expensive for large n

E(f*|ly) = K(x*, x) [K(X,X)—H72Iq]*1 y

V(f*ly) = K(x*, x*) — K(x*, x) lK(X,X) +02|q]_1 K(x,x)

expensive for large n
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Sparse GP-SIM

» When n is large the computation effort is prohibitive so we
adopt a sparse GP approach (Snelson & Ghahramani 2005;
Quifionero-Candela & Rasmussen 2005)

» The information about f in the data is funnelled using a
smaller sample of size m << n of inducing (or latent)
variables %5, 1 < g < m.

» We consider the SIM model (Choi et al. 2011; Gramacy &
Lian 2012)

F(X) = f(B7X).

» GP-SIM model is invariant to nonlinear one-to-one

transformations 7(0).
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Proof of concept
Scl fi(x) = 0.6sin(5x1) — 0.9sin(2x2),
fa(x) = 0.6sin(3x1 + 5x2),
7(x) = 0.7 + 0.15sin(15x " 3)
B=(1,3)"/4/10, 01 = 0 = 0.2 n = 400
Clayton Frank Gaussian Clayton SA
Scenario | VIBias® IVar VIMSE | VIBias® VIVar VIMSE | VIBias> VIVar VIMSE | VIBias® VIVar VIMSE
Scl 0.0231  0.0531 0.0579 | 0.1264 0.0322 0.1304 | 0.1434 0.0557 0.1539 | 0.0416 0.0579 0.0713

Integrated error for the estimator of 7(x).
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Prediction performance

> If yilx ~ N(pi(x),0?), i = 1,2 then

ety

o
o
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Model Selection Problems

» Choice of copula family.
» Choice of calibration
» Simplifying Assumption or not?

» Covariate selection.
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CV Marginal Likelihood (CVML)

» Calculates the average (over parameter values) prediction
potential for model M via

CVML(M) = "log (P(Y4i, YailD_i, M),
i=1

» D_; is the data set from which the ith observation has been
removed.
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CV Marginal Likelihood (CVML)

» Estimate CVML using
E7r [P(Yl,', Yz,-|w,M)71} = P(Y1i7 Y2,'|'D,,',M)71

where w represents the vector of all the parameters and latent
variables in the model.
» Numerically

CUML — nl 1 &1 i — fi; 1 )/2,'—f2(,-t)
— Zog MZ?ﬁﬁ 7050 E(b 709) X

(t) (t)
yi — f Yoi — by
X G [“’ (()) ® <<>
01 )

» Add scenario S2 where SA is true:
fi(x) = 0.6sin(5x1) — 0.9 sin(2x2)
f(x) = 0.6sin(3x1 + 5x2)
T(x) =05
01 = 02 = 0.2
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Calibration Selection - Results

Clayton Frank Gaussian
Scenario CvML CCVML | CVML CCVML | CVML CCVML
Sc2

(SA is true) 58% 62% 100% 100% 100% 100%
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A permutation based diagnostic for SA

» Randomly partition the data into a training set
D, = {y1i, yoi, Xi }i=1,...,m (66% of sample) and a test set
D* = {y1j: ¥3i» X Yi=1....n, (34% of sample).

» Fit marginal models using GP and a nonconstant calibration
on D.
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A permutation based diagnostic for SA
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» Use training data to fit the calibration curve
» Use the test data to verify support for SA.

» Permutation influences only the copula factor.



Introduction Motivation for CC  Calibration Estimation  Calibration Models when dim(X) >> 1 Numerical lllustrations
o oo [e]ele) 0000000080

A permutation based diagnostic for SA

» Consider J permutations of {1...n»} which we denote as
Ay, Ay {1,...,”2} — {1,...,”2}
» Compute J permuted CVMLs as:

ny M % *(t) * *(t)
1 1 yii — fij 1 Y3i — by
CVML; = Z log {M Y ¢ ( o Eqﬁ -0

o[ 16\ o (v
t) ’ (t) '
U§ )

> If calibration is constant then CVML s and CVML; should be
similar
» Define the evidence
J J
> Lcvmiy<cvmiyy 21 1icumt > cvmisy
j=

EV = 2 x min { == e
X min J 9 J ()

X
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A permutation based diagnostic for SA

Scenario || Perm CVML Perm CCVML || CVML CCVML
Scl 98% 96% 94% 94%
Sc2 92% 90% 58% 62%
Sc3 100% 100% 100% 100%

Papers available at
http://www.utstat.toronto.edu/craiu/Papers/index.html
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