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Abstract

In a linear regression model, elemental subsets consist of the minimum number

of observations needed to estimate the regression parameter where the resulting es-

timators are called elemental estimators. Elemental estimators have a long history

in statistics; many estimators are functions of elemental estimators and elemental es-

timators are used for outlier detection as well as for computation of highly robust

estimators. In this paper, we consider some asymptotic theory for elemental subsets

in linear regression. In particular, we derive the limiting distribution of the elemental

subsets that produce “good” elemental estimators. A number of applications of this

theory are also given, including a diagnostic for homoscedasticity, a heuristic for sam-

pling elemental subsets in the computation of least median of squares estimates, and

a diagnostic for the Powell estimator in a censored linear regression model.
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1 Introduction

Consider fitting the linear regression model

Yi = xT
i β + εi (i = 1, · · · , n) (1)

where β is a vector of length p of unknown parameters. An elemental estimator of β is based

on p observations (xi1 , Yi1), · · · , (xip, Yip); defining H = {i1, · · · , ip} and

XT
H =

(
xi1 · · ·xip

)
,

Y T
H =

(
Yi1 · · ·Yip

)T
,
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the elemental estimator β̂H satisfies

β̂H = X−1
H Y H

provided the inverse X−1
H exists. The elemental estimators {β̂H} are the foundation of a

wide class of estimators of β in the model (1); roughly speaking, we can think of the set

(or subset) of elemental estimators {β̂H} as a set of multivariate observations (from some

distribution) and use some measure of centrality of these data to define an estimator of β

in (1). For example, the least squares estimator can be written as a weighted average of

elemental estimators

β̂ =

∑

H

|XH |
2β̂H

∑

H

|XH |
2

where the sum extends over all subsets and |XH| is the absolute determinant of the matrix

XH .

Many other well-known estimators are either exactly elemental estimators or are deter-

mined by elemental estimators. For example, the L1 (and other regression quantile) estima-

tor (Koenker and Bassett, 1978) is an elemental estimator (for some subset H). Maire and

Boscovich (1755) investigated the ellipticity of the earth using five measurements (at widely

dispersed locations) of the arc length of one degree of latitude; their estimates were based

on elemental estimates using pairs of observations. (More details on the work of Maire and

Boscovich can be found in Stigler (1986) as well as Koenker and Portnoy (1987).) In the

simple linear regression model Yi = β0 + β1xi + εi, the Theil-Sen (Theil, 1950; Sen, 1968)

estimator of the slope β1 is defined as the median of all elemental estimators of β1 while

Jurečková (1971) and Jaeckel (1972) propose rank estimators of β1 that are weighted medi-

ans of elemental estimators of β1. An extension of the Theil-Sen estimator to the multiple

linear regression model (1) has been proposed by Dang et al. (2009); this estimator of β is

defined to be a multivariate median of the elemental estimators {β̂H}. (Similar extensions

have also been proposed by Oja and Niinimaa (1984) and by D’Esposito and Furno (1992a).)

Rousseeuw and Bassett (1991) investigate using elemental estimators as approximations for

computationally complex high breakdown estimators. Elemental estimation is also used

in the detection of outliers; see, for example, Hawkins at al. (1984), D’Esposito and Furno

(1992b) as well as Hadi and Simonoff (1993). Mayo and Gray (1997) give an excellent survey

of elemental estimation.

In this paper, β (and {εi}) are somewhat arbitrary. For example, suppose that

Yi = g(xi) + νi (i = 1, · · · , n)

for some function g where {νi} are assumed to be independent random variables. Then for

an arbitrary β, we can write

Yi = xT
i β +

{
g(xi)− xT

i β + νi
}
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= xT
i β + εi

where εi now depends explicitly on β and xi unless g(xi) = xT
i β.

Asymptotic theory for elemental estimators has been considered by several authors, no-

tably Hawkins (1993) as well as Olive and Hawkins (2007). Our main interest in this paper

is the distribution of XH for “good” elemental estimators β̂H , for example, those estimators

that are close to “good” estimators of β; this will be considered in section 2. In section 3, we

will consider how this distribution can be used to check the extent to which the distribution

of the errors {εi} in (1) depends on {xi}. We will also apply the asymptotics to least median

of squares estimation.

2 Asymptotics for XH

For a bounded set A ⊂ Rp with positive Lesbegue measure (λ(A) > 0) and some sequence

an → ∞ with an/n→ 0, define the conditional measure

Pn(B|A) =

∑

H

I{XH ∈ B, an(β̂H − β) ∈ A}

∑

H

I{an(β̂H − β) ∈ A}
. (2)

We will assume (although it is not necessary to do so) that the summations in (2) are over

the
(
n
p

)
subsets of the form H = {i1 < · · · < ip} with x1 ≤ x2 ≤ · · · ≤ xn for some ordering

on Rp. Thus we can restrict B to subsets of the order restricted space of matrices

O = {(t1 · · · tp) : t1 ≤ t2 ≤ · · · ≤ tp}.

Pn(·|A) can be interpreted as the conditional distribution of XH given that an(β̂H −β) ∈ A.

The asymptotic behaviour of Pn can be studied by examining the behaviour of the nu-

merator and denominator. Define

Ln(A,B) =

(
n

p

)−1∑

H

apnI{XH ∈ B, an(β̂H − β) ∈ A}. (3)

Suppose that {εi} are i.i.d. with distribution function F with a density f with f(0) > 0;

then for t close to 0, we have F (t)− F (0) ≈ t f(0). In this case,

E[Ln(A,B)] ≈

(
n

p

)−1

f(0)pλ(A)
∑

H

I(XH ∈ B)|XH |

which suggests that

Ln(A,B)
p

−→ f(0)pλ(A)
∫

B
|(t1 · · · tp)| {µ(dt1)× · · · × µ(dtp)}
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where µ is the limit (provided it exists) of the empirical measure of the covariates {xi}.

This, in turn, would imply that

Pn(B|A)
p

−→

∫

B
|(t1 · · · tp)| {µ(dt1)× · · · × µ(dtp)}

∫

O
|(t1 · · · tp)| {µ(dt1)× · · · × µ(dtp)}

where limit is independent of A.

In fact, we can relax the i.i.d. assumption on {εi} to allow the behaviour of the distribution

functions near 0 of each εi to depend on xi.

(A1) Assume the model (1) with independent {εi} where the distribution function Fi of εi

satisfies

Fi(t)− Fi(0) = κ(xi)t {1 + ri(t)}

for some non-negative function κ such that

lim
t→0

max
1≤i≤n

|ri(t)| → 0.

(A2) (a) The empirical measure of {xi} converges weakly to some µ with

∫
κ(x)‖x‖µ(dx) <∞.

(b) In addition, for some sequence an → ∞ with an/n→ 0 (as n→ ∞)

max
1≤i≤n

‖xi‖

an
→ 0

max
1≤i≤n

κ(xi)‖xi‖

n
→ 0.

The weak convergence of the empirical measure {xi} in part (a) of condition (A2) implies

the weak convergence of the empirical measure of {(xi1, · · · ,xip) : i1 < · · · < ip} to the

product measure µ × · · · × µ on the restricted space O Clearly, part (b) of condition (A2)

holds if {xi} and {κ(xi)} are bounded. More generally, part (b) guarantees the convergence

of certain sums to their “intuitive” limits; for example, given part (a) of condition (A2) and

the condition

max
1≤i≤n

κ(xi)‖xi‖

n
→ 0,

it follows that

(
n

p

)−1 ∑

i1<···<ip

|(κ(xi1)xi1 · · ·κ(xip)xip)| →
∫

O
|(κ(t1)t1 · · ·κ(tp)tp)| {µ(dt1)× · · · × µ(dtp)} .
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THEOREM 1. Assume the model (1) and conditions (A1) and (A2) on {εi}, {xi}, {an}.

If Pn(B|A) is defined as in (2) then

Pn(B|A)
p

−→ P(B) =

∫

B
|(κ(t1)t1 · · ·κ(tp)tp)| {µ(dt1)× · · · × µ(dtp)}

∫

O
|(κ(t1)t1 · · ·κ(tp)tp)| {µ(dt1)× · · · × µ(dtp)}

.

Proof. Define Ln(A,B) as in (3). It suffices to show that

E[Ln(A,B)] → λ(A)
∫

B
|(t1 · · · tp)|

p∏

i=1

κ(ti) {µ(dt1)× · · · × µ(dtp)}

= λ(A)
∫

B
|(κ(t1)t1 · · ·κ(tp)tp)| {µ(dt1)× · · · × µ(dtp)} (4)

Var[Ln(A,B)] → 0. (5)

Define for H = {i1, · · · , ip}, εH to be the vector with elements εi1 , · · · , εip. Then we have

apnE[I{XH ∈ B, an(β̂H − β) ∈ A}] = apnP (εH ∈ a−1
n XHA)I(XH ∈ B)

=





p∏

j=1

κ(xij )



 |XH |I(XH ∈ B)λ(A) + rH(A)

where supH |rH(A)| → 0 for each A. Thus (4) follows. To show (5), note that for sets H1

and H2 with c > 0 common elements,

Cov
[
I(εH1

∈ a−1
n XH1

A), I(εH2
∈ a−1

n XH2
A)
]
= O(ac−2p

n )

(with the covariance exactly 0 when c = 0) and there are O(n2p−c) pairs of sets with c

common elements. Thus by simple computation Var[Ln(A,B)] = O(an/n) and so (5) holds.

2

What does Theorem 1 tell us? If we assume the model (1) where {εi} are independent

with densities f1, · · · , fn where fi(0) = κ(xi) then for “good” elemental estimators β̂H =

X−1
H Y H , XH will have columns that come from biased sampling from {xi} where the bias

is proportional to

|(κ(xi1)xi1 · · ·κ(xip)xip)|.

Since the absolute determinant of a matrix is a measure of the dispersion of its columns, this

means that for good elemental estimators, the dispersion of the vectors {κ(xij)xij : ij ∈ H}

is greater than if we simply sampled p vectors (without replacement) from {xi}. We can

also obtain the marginal density (with respect to µ) of a single column of XH producing a

good elemental estimator; this density is proportional to

∫
· · ·

∫
|(κ(x)x κ(t2)t2 · · ·κ(tp)tp)|µ(dt2)× · · · × µ(dtp).
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For example, suppose that Yi = β0 + β1xi + εi (i = 1, · · · , n) where the limiting measure of

{xi} is uniform on [0, 1] and κ(xi) = xγi for some γ ≥ 0 then this density (with respect to

Lebesgue measure on [0, 1]) is

gγ(x) = (2γ + 3)xγ
{
γ + 1− (2 + γ)x+ 2xγ+2

}

(where the density gγ integrates to 2 to reflect the number of vectors in XH). When γ = 0

(so that κ(xi) is constant), gγ(x) is symmetric around x = 1/2. As γ increases, relatively

more weight is given to values of x close to 1 and as γ tends to infinity, this distribution

becomes concentrated around 1; in particular, as γ → ∞, we have
∫ 1

1−t/γ
gγ(x) dx→ 2− 2 exp(−t) {t+ exp(−t)} .

Note that Theorem 1 does not hold for an = n. Olive and Hawkins (2007) show (un-

der mild regularity conditions on {xi} and {εi}) that for any β there exists an elemental

estimator β̂H satisfying ‖β̂H − β‖ = Op(n
−1). In this case, we can define

Mn(A,B) =
∑

H

I{XH ∈ B, n(β̂H − β) ∈ A}, (6)

which has a Poisson limit under conditions (A1) and (A2).

THEOREM 2. Assume conditions (A1) and (A2) on the errors {εi} and the covariates

{xi} in (1) for an = n. If Mn is defined as in (6) then

Mn(A,B)
d

−→M(A,B)

where M(A,B) has a Poisson distribution with mean

m(A,B) = λ(A)
∫

B
|(κ(t1)t1 · · ·κ(tp)tp)|{µ(dt1)× · · · × µ(dtp)}

Proof. This is a straightforward extension of the results of Silverman and Brown (1978) (see

also Brown and Eagleson (1971) and Brown (1978)), which deals with Poisson convergence

of U-statistics. Following the approach used to prove Theorem A of Silverman and Brown

(1978), the result follows by noting that for H1 and H2 with c > 0 common elements

E
[
I(εH1

∈ n−1XH1
A)I(εH2

∈ n−1XH2
A)
]
= O(nc−2p)

where εH is defined as in the proof of Theorem 1. 2

Theorem 2 can be easily extended to give the weak convergence of the point process Mn

(Kallenberg, 1976) to a Poisson process M whose mean measure is given in Theorem 2.

We can use Theorem 2 to derive, for example, the asymptotic distribution of the closest

elemental estimator to β in the Euclidean norm. Define

β̃n = arg min
H

‖β̂H − β‖2.
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Then n(β̃n − β)
d

−→ U , where U has density function

g(u) = c(κ, µ) exp

{
−
c(κ, µ)πp/2

Γ(1 + p/2)
‖u‖p2

}

where

c(κ, µ) =
∫

O
|(κ(t1)t1 · · ·κ(tp)tp)|{µ(dt1)× · · · × µ(dtp)}.

The asymptotic independence between the events XH ∈ B and an(β̂H − β) ∈ A in

Theorems 1 and 2 is a consequence the linearity of the distribution functions Fi in a neigh-

bourhood of 0 as outlined in assumption (A1). It is possible to relax (A1) by assuming that

(for example) the distribution functions {Fi} are regularly varying in a neighbourhood of 0,

that is,

bn{Fi(t/an)− Fi(0)} = κ(xi)ψ(t) + rni(t)

for some sequences an, bn → ∞ with bn/n→ 0 where ψ is a strictly increasing function with

derivative ψ′ and rni(t) tends to 0 sufficiently uniformly over t as n→ ∞. The function ψ is

of the form

ψ(t) =




λ+tα for t ≥ 0

−λ−(−t)α for t < 0.

where α > 0 and λ+, λ− ≥ 0 with λ++λ− > 0. Then (under additional regularity conditions),

we will have

Pn(B|A)
p

−→

∫

B

∫

(t1···tp)A

p∏

j=1

{κ(tj)ψ
′(sj) dsj}{µ(dt1)× · · · × µ(dtp}

∫

O

∫

(t1···tp)A

p∏

j=1

{κ(tj)ψ
′(sj) dsj}{µ(dt1)× · · · × µ(dtp}

where the limit does depend on A when ψ is non-linear.

3 Some applications

Approximating P

As we noted above, for each bounded set A, the limit of Pn(·|A), P is independent of A when

conditions (A1) and (A2) hold. In this case, the limiting distribution of {XH : β̂H − β ∈

a−1
n A} has a density (with respect to the product measure µ× · · · × µ) proportional to

|(κ(t1)t1 · · ·κ(tp)tp)|.

Given the covariate vectors x1, · · · ,xn whose empirical distribution is approximately µ, we

can approximate P by Qn, a discrete distribution on the matrices {XH} with density

qn(t1, · · · , tp) = K(x1, · · · ,xn)|(κ(t1)t1 · · ·κ(tp)tp)| for t1, · · · , tp ∈ {x1, · · · ,xn}. (7)
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(Alternatively, given µ, we can generate a random sample of vectors x1, · · · ,xn from µ to

define qn in (7).) We can easily generate samples of matrices from qn using Gibbs sampling

(Geman and Geman, 1984); to do so, it is convenient to dispense with the ordering and

regard qn as a density on the set of matrices whose columns lie in {x1, · · · ,xn} with no

restrictions. In this case, the conditional density of the j-th column given the remaining

p− 1 columns is

qn(tj |tk k 6= j) =
|Dj(tj|tk k 6= j)|

n∑

i=1

|Dj(xi|tk k 6= j)|

for tj ∈ {x1, · · · ,xn}

where Dj(x|tk k 6= j) is the matrix whose j-th column is κ(x)x and whose k-th column (for

k 6= j) is κ(tk)tk. For each j, the n determinants |Dj(x1|tk k 6= j)|, · · · , |Dj(xn|tk k 6= j)|

can each be evaluated in terms of a single set of p cofactors.

Assessing density homogeneity

Suppose that β̂n is an estimator of β in the model (1). Homoscedasticity of the errors {εi}

in (1) can be assessed by looking at various residual plots, essentially looking for patterns

that might indicate heteroscedasticity of the errors. Generally speaking, homoscedasticity

is typically defined to mean that the variance (or some other measure of scale) of εi is

constant (in particular, independent of xi). However, we can also define the notion of local

homoscedasticity, which means that the densities f1, · · · , fn of ε1, · · · , εn satisfy f1(0) = · · · =

fn(0). In regression quantile estimation, the assumption of local homoscedasticity greatly

facilitates asymptotic inference.

Theorem 1 suggests the following approach for assessing local homoscedasticity. Given

β̂n, we can find elemental estimates β̂H1
, · · · , β̂Hm

that are close to β̂n. Then under local

homoscedasticity, the empirical distribution of the matrices XH1
, · · · , XHm

should look like

the distribution P with κ(x) constant; as above, we can approximate P by Q(0)
n whose

density is now

q(0)n (t1, · · · , tp) = K(x1, · · · ,xn)|(t1 · · · tp)| for t1, · · · , tp ∈ {x1, · · · ,xn}. (8)

Given x1, · · · ,xn, we can use Gibbs sampling to draw a sample from q(0)n , which can then be

compared to the empirical distribution of {XHj
: j = 1, · · · , m}.

There are several practical issues to consider. First, since the space of matrices Rp×p

is large, we need to choose appropriate real-valued functions φ of the columns of XHj
for

comparison to Q(0)
n with density q(0)n defined in (8). If qn is as defined in (7) for some κ then

for a given real-valued function φ, we can define the total variation distance between the

distributions of φ(XH) under qn and q(0)n by

sup
A

∣∣∣Qn{φ(XH) ∈ A} − Q(0)
n {φ(XH) ∈ A}

∣∣∣
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Figure 1: Distribution of |XHj
| for j = 1, · · · , 100 compared to distribution from Qn for

homoscedastic errors.

and this is maximized for

φ(t1, · · · , tp) =
p∏

j=1

κ(tj).

To use this in practice, however, we would need to hypothesize (or guess) the form of κ.

Another possibility is to assume that the density of XHj
has the local alternative form

pn(t1, · · · , tp) = Kδ(x1, · · · ,xn)|(t1 · · · tp)|
1+δ for t1, · · · , tp ∈ {x1, · · · ,xn}

for some δ 6= 0 (a “local” approximation to q(0)n ), which leads to φ(t1, · · · , tp) = |(t1 · · · tp)|

maximizing the total variation distance; in the absence of any specific knowledge of κ, this

seems to be a good default choice. Alternatively, we could also use the trace or the largest

eigenvalue of XT
Hj
XHj

. Second, we need to define what we mean by β̂H being close of β̂n.

The obvious definition is based on some distance measure (for example, Euclidean distance)

between β̂H and β̂n. Alternative, if β̂n minimizes some objective function g, we could define

distance in terms of g(β̂H) − g(β̂n). Third is the issue of how to choose m, the number of

matrices to be compared to Qn. Suppose that we are able to compute N elemental estimates,

either via complete enumeration (in which case N = O(np)) or by sampling the p columns

of XH without replacement from {x1, · · · ,xn}. Then we should take m = N τ for some

τ ∈ (0, 1); ideally τ should be sufficient large so that n1−τ (β̂n − β) = op(1).
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Figure 2: Distribution of |XHj
| for j = 1, · · · , 100 compared to distribution from Qn for

heteroscedastic errors.

To illustrate, we consider fitting the model

Yi = β0 + β1x1i + β2x2i + εi

Values of the two covariates {(x1i, x2i)} for i = 1, · · · , 100 were drawn from a zero mean

bivariate normal distribution with covariance matrix

C =


 1 1

1 1.04


 .

The two covariates are highly correlated; the sample correlation is 0.975 while the theoretical

correlation is 0.962. We will consider two scenarios for the errors {εi}:

(a) {εi} are i.i.d. N (0, 1);

(b) {εi} are independent with εi ∼ N (0, |x1i − x2i|
2).

The heteroscedasticity given by (b) is not immediately apparent looking at (bivariate) scat-

terplots of the response versus each of the covariates. In both cases, β is estimated using

least squares and we take a sample of 1000 elemental subsets and look at the distribution of
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|XH | for the best 100 elemental estimates using residual sum of squares as a criterion. Fig-

ures 1 and 2 show the empirical distributions of {|XHj
| : j = 1, · · · , n} for scenarios (a) and

(b) compared to an estimate of the distribution from Qn computed from 5000 observations

using Gibbs sampling. Note that the empirical distribution for the i.i.d. errors agrees very

well with Qn while, on the other hand, the absolute determinants for the heteroscedastic

errors are clearly stochastically smaller than those from Qn.

Least median of squares

Least median of squares (LMS) estimation was introduced by Rousseeuw (1984) as a highly

robust (high breakdown point) estimator of β in (1). The LMS estimator minimizes the

objective function

g(φ) = median1≤i≤n|Yi − xT
i φ|;

the objective function g is very non-smooth and cannot be minimized using classical opti-

mization methods. However, the LMS estimator can be shown to be a Chebyshev (or L∞)

estimator of β for some subset of n/2 observations; see, for example, Stromberg (1993). A

Chebyshev estimator is itself an elemental estimator based on p + 1 observations from the

augmented model

Yi = γ + xT
i β + (εi − γ) (9)

Yi = −γ + xT
i β + (εi + γ) (10)

for i = 1, · · · , n. An elemental estimator (γ̂H, β̂H) satisfies for some subset H = {i1, · · · , ip+1}

Yij = ±γ̂H + xT
ij
β̂H for j = 1, · · · , p+ 1. (11)

Theorem 1 (with appropriate modifications) will hold for elemental estimators (γ̂H, β̂H) (in

the augmented model (9) and (10)) satisfying (11).

As mentioned above, the LMS estimator β̂n satisfies (11) for some H ; under i.i.d. errors

{εi} with a unimodal density f , the corresponding estimator γ̂n = γ̂H (satisfying (11)) is a

consistent estimator of γ0 satisfying f(−γ0) = f(γ0) and P (|εi| ≤ γ0) = 0.5.

Algorithms for computing LMS estimates typically involve some sort of randomized se-

lection of elemental subsets in the case where the computation of all elemental estimators is

prohibitive; see, for example, Hawkins and Olive (2002). It may be possible that sampling

elemental subsets from the density qn in (7) for some κ (whose value may vary from iteration

to iteration) might be useful in practice.

As an example, we consider the data from Rousseeuw and Leroy (1987) consisting of

measurements from 47 stars in the stellar cluster CYGOB1; we have {(xi, yi) : i = 1, · · · , 47}

where xi is the logarithm of temperature of the surface of the star and yi is the logarithm

of the light intensity. The data are shown in Figure 3 with the LMS and least squares fits.
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Figure 3: CYGOB1 data (Rousseeuw and Leroy, 1987) with LMS (solid line) and least

squares (dashed line) fits.

From the LMS fit, there appear to be four stars (with the smallest xi) that are anomalous;

we would expect that the best elemental estimates (with respect to median absolute residual)

would ignore these observations. To investigate this, we look at the distribution of the best

500 (out of all possible) elemental LMS fits. Figure 4 shows the empirical distribution of

|XH | (from the augmented model (9) and (10)) compared to the distribution of the absolute

determinants from the densities

q(1)(t1, t2, t3) = K(x1, · · · , x47)|(t1 t2 t3)| for t1, t2, t3 ∈ {x1, · · · ,x47} (12)

q(2)(t1, t2, t3) = K(x1, · · · , x43)|(t1 t2 t3)| for t1, t2, t3 ∈ {x1, · · · ,x43} (13)

q(3)(t1, t2, t3) = K(x1, · · · , x42)|(t1 t2 t3)| for t1, t2, t3 ∈ {x1, · · · ,x42} (14)

where x1 ≥ x2 ≥ · · · ≥ x47 and the vector xi = (±1, 1, xi)
T . Clearly, the empirical dis-

tribution is closest to q(3), which deletes the four clearly anomalous observations plus the

observation with the next smallest value of xi; in fact, none of the best 500 elemental esti-

mates uses these five observations. (Other other observation is similarly excluded from the

best 500 elemental estimates.)

Finally, we compare the frequency of each observation in the best 500 and best 100

elemental estimates to its “expected” frequency under the distribution q(3) defined in (14).
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Figure 4: Distribution of |XH | for the best 500 LMS fits compared to distribution from q(1)

(dotted lines), q(2) (dashed lines), and q(3) (solid lines) as defined in (12), (13), and (14).

Figures 5 and 6 give the ratio of the raw frequency f(xi) of each observation to its expectation

f0(xi) under q(3) (estimated using 50000 samples) for the best 500 and best 100 elemental

estimates, respectively; the areas of the circles increase with the ratio f(xi)/f0(xi). In both

cases, the average of f(xi)/f0(xi) for xi in a neighbourhood of a given x is approximately 1

with this ratio being largest for xi lying close to the lines

y = −12.63± 0.26 + 3.97x

where −12.63 and 3.97 are the LMS estimates of β0 and β1, respectively, and γ̂H = 0.26 is

the best elemental estimate of γ in the augmented model (9) and (10).

The Powell estimator

Consider the censored linear regression model

Yi = max{xT
i β + εi, 0} (i = 1, · · · , n) (15)

where the response variables {Yi} are (left-) censored at 0, and assume that {εi} are inde-

pendent random variables with median 0; xTβ is the conditional median of the uncensored

13
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Figure 5: Frequency ratio f(xi)/f0(xi) for the best 500 elemental estimates for the CYGOB1

data; the area of the circles increase with f(xi)/f0(xi) and observations whose ratio is greater

than 1 are shaded.

response at the predictor x. Powell (1984) proposed to estimate β by minimizing the objec-

tive function

g(φ) =
n∑

i=1

|Yi −max{xT
i φ, 0}|. (16)

(Powell (1986) extends this to censored regression quantile estimation by replacing the abso-

lute value function by the “check” function ρτ (x) = x{τ − I(x ≤ 0)}.) The Powell estimator

β̂ is an elemental estimator although efficient computation of it is complicated by the fact

that this objective function is not convex, and may have multiple local minima. A num-

ber of methods for computing the Powell estimator have been proposed; see, for example,

Fitzenberger and Winker (2007) and Hosseinkouchack (2011). However, the difficulty of

computation has been used as a motivation for finding easier-to-compute alternatives to the

Powell estimator with the same asymptotic properties.

Under standard regularity conditions, the Powell estimator is asymptotically equivalent

to minimizing
n∑

i=1

|Yi − xT
i φ|I(x

T
i β > 0) (17)

where β is the unknown parameter in the model (15). However, Koenker (2008) notes that
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Figure 6: Frequency ratio f(xi)/f0(xi) for the best 100 elemental estimates for the CYGOB1

data; the area of the circles increase with f(xi)/f0(xi) and observations whose ratio is greater

than 1 are shaded.

the global minimizer of (16) is not necessarily a good estimator of β in (15), particularly

when there is a large amount of censoring, and that estimators based on sub-optimal solutions

are often more sensible; one possible explanation is that for observations with Yi = 0, the

contribution to the objective function is 0 whenever xT
i φ ≤ 0 (and fixed otherwise), which

may contribute to non-trivial finite sample bias. In other words, if we define

M(φ) =
n∑

i=1

I(xT
i φ > 0) (18)

then M(β̂) may tend to underestimate M(β), particularly if M(β) is close to n and the

model (15) holds. Chernozhukov and Hong (2002) as well as Tang et al. (2012) propose

multi-step estimation procedures whose estimators ultimately minimize of proxy of (17),

n∑

i=1

|Yi − xT
i φ|ŵ(xi)

where ŵ(xi) = 1 if the (estimated) probability that the response at xi is non-censored

exceeds some threshold with ŵ(xi) = 0 otherwise. If {ŵ(xi)} are estimated appropriately
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Figure 7: Scatterplot of simulated data from the model (19) using β0 = 0 and β1 = 1 with

estimated conditional medians — the red line uses the Powell estimates and the blue line is

the best elemental estimate β̂H with M(β̂H) = 100. The dotted line is the true conditional

median function.

then we should have
n∑

i=1

ŵ(xi) ≈M(β).

The results in section 2 suggest that we can find “good” estimators of β by looking at

elemental estimators β̂H that nearly minimize the objective function g in (16); if we suspect

that bias in the Powell estimator may be an issue, we may want to consider β̂H such that

M(β̂H) > M(β̂) for M(·) defined in (18). For example, consider data generated from the

simple model

Yi = max{β0 + β1xi + εi, 0} (19)

where {xi} are uniformly distributed on [0, 1] and {εi} are i.i.d. N (0, 1) random variables.

Figure 7 shows a scatterplot of 100 observations generated using β0 = 0 and β1 = 1 (so

that β0 + β1xi > 0 for all i); the two lines are based on the Powell estimates of β0 and β1

(red line) and the best elemental estimates of β0 and β1 (blue line) subject to the constraint

M(β̂H) = 100. For these data, the Powell estimates are particularly poor (M(β̂) = 49)

while the elemental estimates with M(β̂H) = 100 are quite good. (A simulation of this

16
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Figure 8: Plot of g(β̂H) for the objective function g defined in (16) for elemental estimates

β̂H minimizing g with M(β̂H) = m for m = 30, · · · , 100; the data are 100 observations are

generated from the model (19) using β0 = 0 and β1 = 1 so that M(β) = 100.

model with 100 observations shows that M(β̂) = 100 with (approximate) probability 0.46

andM(β̂) ≤ 80 with probability 0.24.) Of course, this observation is biased by our knowledge

of the model generating the data; however, the value of the objective function (16) for the

Powell estimates β̂ = (−0.983, 2.089)T is 56.24 compared to 57.19 for the elemental estimates

β̂H = (−0.0046, 0.932)T , a small difference given the variability of the noise in the model.

Figure 8 shows a plot of the (minimized) objective function (16) for the best elemental

estimates satisfying M(β̂H) = m where m = 30, · · · , 100.

The plot shown in Figure 8 can be used as a diagnostic for assessing possible bias in

the Powell estimator. Figure 9 shows the same plot for 100 observations generated from the

model (19) using β0 = −1 and β1 = 2; for these data, M(β) = 44 (on average M(β) ≈ 50

since 2x − 1 > 0 for x > 1/2) and M(β̂) = 49. (Simulations for this model show that

the M(β̂) < 50 with (approximate) probability 0.55 and M(β̂) > 50 with probability 0.43,

reflecting the same downward bias as before albeit to a lesser extent.) In contrast to Figure

8 (where g(β̂H) is relatively flat for m between 49 and 100), g(β̂H) is relatively flat for m

between 30 and 60 and increases substantially for m > 60.

In the examples presented here, it is simple to evaluate all 4950 elemental estimates.
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Figure 9: Plot of g(β̂H) for the objective function g defined in (16) for elemental estimates

β̂H minimizing g with M(β̂H) = m for m = 30, · · · , 100; the data are 100 observations are

generated from the model (19) using β0 = −1 and β1 = 2 with M(β) = 44.

However, evaluating all elemental estimates for larger n and p is not necessarily feasible

and in practice, it will typically be necessary to randomly sample subsets in order to pro-

duce the plots described above. While the random sampling will introduce some additional

uncertainty, it should not reduce the utility of these plots.
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