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Bayesian posterior distribution

Prn(V < 0] y) = ®(r3) = o(r +  log %)
Y ~f(y:6) Y=(Y,...,Yn) model
00) =Ly, \) =logf(y;¥,)), yeR" log-likelihood
r=«+[2{¢(0) — 1(84)}]'/2, we R likelihood root
by = (1, \p) constrained m.l.e.

(¥ | y) = [7(0 ] y)dA

o [exp l(8)m(0)dA marginal posterior

3/38



Outline Some asymptotic formulas Putting the formulas to work Default priors

oeo 0000 000000
00000000 0000 00000
0000

. Bayesian posterior

Prm(W < | y) = &(rg) = &(r + ,log &)

i (o172 (0 BRI
a8 = —{(V)ip(¥) GG

() = E(éd,) profile log-likelihood

j(0) = —=£"(0; y) observed information

j(0) = “;”Z)(zg ﬁigzg ] partitioned matrix

Conclusions
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... Bayesian posterior
ri ~ N(0,1)

rB_r+—Iog qB

r is the likelihood root
gg is an adjusted score statistic

The approximation is very good!
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Example: Normal circle

> y1~ N(u1,1/n), ..., Yk ~ N(uk, 1/n)

» parameter of interest ¢ = (2 + - - - + p2)V/2 = | |||
» prior w(p) =1

» Exact marginal posterior Pr{x2(n||y||?) > my?}
» Third order

] J (k—1)/2
rg\/n(z/;w)JrMIog{(w) } ~ N(0,1)

» Normal approximation to posterior ./n(¢> — ) ~ N(0. 1)
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Frequentist P-value
- *\ 1 ar
Pvalue(¢y)) = ®(rg) = &(r + - log T)
r=+[2{¢(8) — (8,)}]"/*
g — 1Ly (0) = L (0)  Lxv(By)] i)/

0o, v (D) ian(B)]172

Conclusions
oo
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Normal circle

» exact P-value(v)) Pr{x2(mp?) > n||y||?}
> approx:
rE = Vn(b—6) - ————— log (1”) T o
: V() v ’
» Bayes:
~ 1 b (e=1)/2
rg = /n( — )+ m log { (u) } ~ N(0,1)

* x o k=1
> rB—rFNw—\/n
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Normal circle: y; ~ N(pi, 1) : o = ||p]|

oA i (h,)1/2 HA)
— 1/2 ‘//\A(Hi/;)\ 7T(A
gs p(V)fp(¥) NGRS

1 AR()
5= /(- ) + ————— | v i
rg =/n( — ) + V7O 09{<¢> 77( ¢)}

> (i) : i ~ N(O, 72)
(i): i ~ N(a,72), a~ N(0,1?)
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Matching priors

» posterior quantile: Pry, (6 > 951*a)(y) ly)=«a
» matching prior: Pry‘g(eg_“)(Y) <O =a+0(n"
» 0 scalar: w(0) o< i'/2(0)  i(0) = Ej(0) = E{-1"(0)}

> 0= (1, \): w(0) o< iy Z(0)g(N)  iun(0) =0

> using rg:
/2 5\ 2
w(0) _ i (09
w(By) iy2(0,)g9(0y)
» invariant to choice of g A.M. Staicu, 2007
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Example: logistic regression

77 observations, 6 covariates, inference for (3g

method lower bound upper bound p-value for O

o(r) —0.058 0.00029 0.052
d(rg) —0.058 0.00028 0.052
1st order —0.063 —0.00062 0.047
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Strong matching

> (1) = &(r + 1log %): Bayesian survivor value
» p(v) = d(r + 1log %): Frequentist p-value

/ - ' é) v é
> g5 = —(()jp($) "/ UX,\((g))L/2 :((A”Z’)

)
_ v —tv(®)  Ouv(By)l 1i0)"2

> gr

Q] i (By)[1/2
m(6)
> QB=QF & — o = ..
m(6y)
» default prior along the curve 0 = 8, F&R, 2002
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Example: normal circle y; ~ N(uj, 1)

1 5 (k=1)/2
r;¢”(1/3¢)\m(1;1/})|09{<¢> } ~ N(0,1)
1 ; (k-1)/2
rh = \/n(zﬁ—w)er log { (1/}) } ~ N(0,1)

ry =17 <= m(p)dp oc [[pl["*Vdp (¥ =||ull)

25/38



Outline Some asymptotic formulas Putting the formulas to work Default priors Conclusions

000 0000 ®00000 (e]e}
00000000 0000 00000
0000

Extending strong matching: scalar parameter
» Location model: Y ~ f(y — 0) = 7(0)df « df

> Y ~f{y —3(0)} = 7(0)do = dp(6)

» there exists a transformation (3(#) such that any model
f(y; @) is well approximated by a location model

» well approximated:
» has location form (to O(n—2%/2))
» agrees with original model at the data point
» agrees with the first derivative of the model at the data point

> 50) = [ L)

B E,V(Q) %

26/38



Outline Some asymptotic formulas Putting the formulas to work Default priors Conclusions
000 0000 0®0000 oo
00000000 0000 00000
0000

Approximate location models

» Locationmodel: Y ~f(y—0) 6 —-0+df, y—y-+dy
» F(y;0)unchanged, i.e. dF(y;0) =0
» General model Y ~ f(y; ) require dF(y% 0) =0
» Fy(y%0)dy + Fo(y%0)do =0  (scalar or vector 0)
" Fo(y°;0)
dy = F,(y:0) do = V(6)do

Vi (0)
> Vi,...,¥n: V(0) = : n x p matrix

Vi(6)
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Default prior

| 4
dy = V(6)d6o
>
Lo(6;y) =0 = lyo(0; y)dO + Lo,y (0; y)dy =0
| 4

dd = 7~ "Hdy

» proposed default prior

7(0)do |77 T HV(0)|d6
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Example y ~ N(X3,0?)
0= (08,0):lengthp=qg+1

V(é)=<x —yojxﬁ>

g

v

v

> design residuals

y° —Xﬂ)

g

v

V() = (x

v

m(0)df < dpdo /o
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... hot calibrated
» If parameter of interest is curved, then prior needs to be
targetted on the parameter of interest
» marginalization paradox (Dawid, Stone and Zidek)
» proposal: 7(8)df « |7~ THV(0)|d6 = Jy(#)db, say

» in model with ¢ fixed, construct prior for A\ (vector) using
the same construction

> leading to: m(\ | )dA oc Jyjy(A)dA

» recalibrate the ratio, so that posterior agrees with adjusted
profile log-likelihood

» details ...
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... details
m(0)d6 o< Jy(0)db
(A [ )dA o<y (A)dA
adjustment for nuisance information to ensure that

Tm(¥ | y) o exp La(; y)m(¥)
La(v) is an adjusted profile log-likelihood for 1)

vV vVv.v. v Yy
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Location based priors not calibrated

» Example y; ~ N(uj, 1), ¥ = ||u||, default prior o< du
» Posterior probability limits for 1) do not have frequentist
coverage

1.0

0.8

actual coverage
0.4

0.2

0.0

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

nominal probability
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... hot calibrated

» source: Heinrich, J. (2005) Proceedings of Phystat05

» n events from Poisson with rate es + b, with s of interest
and additional Poisson measurements of b and ¢

» ‘flat’ priors for s,¢, b
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Heinrich, 2005

1.00ﬁ=0.9 ee=1  x=100 B=3
A\

C \

0'90[} 20
Strue

Fig. 2. Typical single channel case. Coverage for 00% credi-

bility level upper limits, acceptance uncertainty = 10%, back-

ground uncertainty = zero.
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einrich,
100P=09  Eme=l k=100 b3 100P=09 Eram25... K25 bno=0T5... w=l6.
\ c
c \
0.90
" 0 \ Soe k)
0.900 20

Strue

Fig. 2. Typical single channel case. Coverage for 00% credi-
bility level upper limits, acceptance uncertainty = 10%, back-
ground uncertainty

7. 4 independent channels. Coverage for 90% credibil-
ity level upper limits, acceptance uncertainty = 40% fchannel,
zero. Background uncertainty = 29% fchannel,
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... hot calibrated

» Cox and Hinkley, 1974, after Mitchell, 1969:
E(y|x)=a+p(1-x)", xe(0,1)

» Bayesian probit regression (Jones, 2008; Siddhartha and
Chib, 1984): p(y = 1) = ®(« + Bx;): flat priors on «,

» hierarchical Poisson models (Gelman et al, 2007):
E(yjy) = coxjjexp(u + a; + B + i)

> “non-informative uniform priors on p, a, 03, 0,”
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Conclusions

» calibrated priors are data dependent

» focus motivated by asymptotic theory for likelihood
inference

other asymptotic approaches consider different measures,
such as K-L distance from prior to posterior (leading to
reference priors)

always need to target on parameter of interest

» marginalization to curved parameters using flat priors may
lead to poorly calibrated inferences
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