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0 What is the interface?

“Is statistics part of mathematics?”: primary

motivation from data, primary goal is inference

from data, primary justification is empirical

“Statistics is a science in my opinion, and is

no more a branch of mathematics than are

physics, chemistry and economics, for if its

methods fail the test of experience – not the

test of logic – they are discarded” Tukey, 1953

Statistics has, and needs, theory:

-provides a framework for finding common

features among problems with different

specific details

-suggests approaches to new types of data

Mathematics is essential: for the development

of the theory, in providing the tools and the

language for progress

2



Mathematical tools and structures

Mathematical tools:
-calculus, matrix algebra, differential equations,
combinatorics
-Taylor series, asymptotic expansions, numeri-
cal analysis
-real and complex analysis, functional analysis

Mathematical structures:
-group theory
-category theory
-differential geometry
-graph theory
-probability theory
-mathematical physics
-computational algebraic geometry

Level of complexity/sophistication
-verify a technique or set of techniques
-elucidate some basic principles

Statistics ↔ Mathematics
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Illustrations

-differential geometry and statistical inference

Amari, Efron

-martingale theory and survival data analysis

ABGK

-category theory and statistical models

McCullagh

-functional analysis and theory of wavelets

Donoho & Johnstone

-asymptotic analysis and statistical inference

Barndorff-Nielsen & Cox

-graph theory and causality

Lauritzen

-quantum statistics

Barndorff-Nielsen, Gill & Jupp

-geometry of random fields; medical imaging

Worsley

-computational algebraic geometry and

contingency tables

Diaconis & Sturmfels, Pistone & Wynn
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1. Parametric models, Likelihood

model f(y; θ) θ ∈ Rd, y ∈ R or Rk

sample y = (y1, . . . , yn) f(y; θ) =
∏
f(yi; θ)

log likelihood function `(θ; y) = log f(y; θ) =

maximum likelihood estimator θ̂ = θ̂(y)

Fisher information j(θ̂ ) = −`′′(θ̂ )

Example: Y ∼ Poisson(θ); θ = b+ µ

f(y; θ) = θye−θ/y!, y = 0,1, . . . ; θ > 0

data: y = 17, b = 6.7; θ̂ = y
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parameter of interest ψ(θ), dimension << p

often θ = (ψ, λ)

Example: matched pairs (Y1j, Y2j), j = 1, . . . , n

Y1j =

{
1 with prob. p1j
0 with prob. 1− p1j

Y2j =

{
1 with prob. p2j
0 with prob. 1− p2j

p1j = 1/{1 + exp(−ψ − λj)}
p2j = 1/{1 + exp(−λj)}

log profile likelihood function `P (ψ; y) = `(ψ, λ̂ψ; y)

more generally `P(ψ; y) = `(θ̂ψ)
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Control day
on cellphone not on cellphone

Day of on cellphone 13 157
crash not on cellphone 24 505

ψ̂ = 1.88: relative risk = 6.54 (4.50, 9.99)

8



Y1j = 1 if there was a cellphone call at the

time of the collision

Y2j = 1 if there was a cellphone call at a con-

trol time

λj measures probability that jth person uses

the phone, ψ the increase on a collision day,

exp(ψ) the odds of a call on the day of the

collision versus the control time (day before

the collision)

Redelmeier and Tibshirani, 1997, Cdn. J. Statist.
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Inference based on the log (profile) likelihood

-point estimation θ̂ = θ̂(y), (mle); has precision
j(θ̂)−1 (ψ̂; jP (ψ̂)−1)

-values of θ compatible with the observed data
`(θ̂)− `(θ) > c (`P (ψ̂)− `P (ψ) > c)

-these are often calibrated using the (possibly
crude) approximation

θ̂
.∼ N{θ, j−1(θ̂ )}
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justified by appeal to limiting distribution

assume `(θ; y) = O(n), θ − θ̂ = O(n−1/2)
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Differential geometry (Efron, Amari)

model M = {f(·; θ); θ ∈ Θ}: differentiable

manifold

with coordinates θ = (θ1, . . . , θp)

tangent space spanned by {∂`r(θ; ·), r = 1, . . . , p}

Riemannian metric < ∂`r, ∂`s >=
∫
∂`r∂`sf(y; θ)dy

Note: expected Fisher information E{−∂rs`(θ; y)} = Ej(θ).

i.e. is related to the precision of the maximum likelihood

estimate θ̂

affine connection (covariant derivative)

Γ(α)
rst = E(∂r∂s`∂t`) + 1

2(1− α)E(∂r`∂s`∂t`)

is an essentially unique family for statistical

manifolds, in a certain sense

although is not compatible with the metric

10



Why might this be useful? – Statistically im-

portant classes of models have nice geometric

structure

-exponential family models

f(y; θ) = exp{yTθ − c(θ)− d(y)}

are closed under sampling, and have p-dimensional

sufficient statistics

f(y; θ) = exp{sTθ − nc(θ)− d(y)} : s =
∑

yi

-exponential family models are flat in the α = 1

connection

-transformation family models

f(y; θ) = f0(gy; g
∗θ) g ∈ G, g∗ ∈ G

have a natural type of invariance, and admit a

dimension reduction by conditioning

-transformation family models are (sort of) flat

in the α = −1 connection
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A submanifold M0 of M can be obtained by

fixing some components of θ, and we can then

use the connections to describe both

- embedding curvature of M0

- intrinsic curvature of M0

These have natural statistical interpretations

related to estimation by maximum likelihood,

and conditioning on ancillary statistics.

For example, any bias-corrected, first order ef-

ficient estimator of θ has variance matrix

E{(θ̃r − Eθ̃r)(θ̃s − Eθ̃s)} = irsn−1

+ (c1 + c2 + c3)n
−2 +O(n−3)

c1 contracted from the α = −1 connection co-

efficients in M0
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c2 contracted from the α = 1 embedding cur-

vature of M0 in M

c3 vanishes if θ̃ is the maximum likelihood es-

timator

Many results of this type in Amari, Barndorff-

Nielsen & Cox, and Murray & Rice

Geometrical notions of invariance and orthogo-

nality have become embedded in current asymp-

totic theory, but impact of the more detailed

development of connections and curvature com-

ponents is as yet unclear



c1 = ( −1Γ2)rs = −1Γrtu
−1Γsvwi

tviuw

1 ≤ r, s, t, u, v, w,≤ d,

c2/2 = ( 1H2)rs = 1Hr
tu

1Hs
vwi

tviuw

1 ≤ r, s, t, v ≤ d; d+ 1 ≤ u,w,≤ p

c3 = ( −1H2)rs = −1Hr
tu

−1Hs
vwi

tviuw

1 ≤ r, s ≤ d; d+ 1 ≤ t, u, v, w,≤ p

Hα
rst = Γαrst 1 ≤ r ≤ d,1 ≤ s ≤ d, d+ 1 ≤ t ≤ p

indices for H and Γ are raised via the

Riemannian metric: αΓrst = Γαstui
ur
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Category theory (McCullagh, 2000, 2002)

-model: {f(·; θ); y ∈ Y, θ ∈ Θ} is not enough

-more structure is needed, for ‘sensible’ models

-the structure should be a category, i.e. a

collection of objects and of maps or morphisms

between objects.

-the objects are themselves (simpler) categories,

and the morphisms associate probability

distributions with the objects

-the basic categories are

–catU : each object U is a set of units:

morphisms are injective maps

–catΩ: each object Ω is a covariate space:

morphisms are injective maps

–catV: i each object is a response scale:

morphisms are surjective maps
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-the statistical categories are
– the sample space: S = VU
– the design: catD; each object is a pair (U ,Ω)
– the parameter (Θ, ∗): a contravariant functor
catΩ → K, associating with each Ω a parame-
ter set ΘΩ

Finally, “a statistical model is a functor on
catD associating with each design object
ψ : U → Ω a model object, which is a map
Pψ : ΘΩ → P(S) such that Pψ(Θ) is a proba-
bility distribution on S.”

And associated with this is the notion of a
“natural subparameter”, which is a
transformation with an associated map that is
commutative

McCullagh argues that this ensures that statistical mod-

els have an appropriate notion of embedding, so that we

may, for example, assume the model that is constructed

for 5 equally spaced dose levels (the covariate) remains

valid at doses between those used in the experiment,

even though we will not have information about them.
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Do we need all this?

Example: transformed linear regression

yλi = x′iβ + σei i = 1, . . . , n

-xi is a known vector of covariates for the ith
subject
-θ = (β, σ, λ), with interest usually in one or
more components of β

Widely used in applied work:
-estimate λ from the data,
-compute yλ̃,
-inference on β as if λ were known to be equal
to λ̃.

Conventional statistical arguments suggest that
uncertainty about λ should be incorporated into
uncertainty statements about β, but this leads
to absurd results.

From the category point of view, the param-
eter β above is not a natural parameter, al-
though β/σ is, as is the pair (β, λ) and β1/λ
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Example: factorial models

yijk = µ+ αi + βj + γk +

(αβ)ij + (αγ)ik + (βγ)jk + (αβγ)ijk + error

- αi: parameters associated with I levels of

factor A, etc.

- (αβij): parameters associated with the inter-

action of factors A and B

widely used in industrial experimentation, often

with many more than 3 factors

often of interest to assess the magnitude of,

e.g., 2nd order interactions, or to test whether

higher order interactions are needed in the model

category theory can be used to formalize the

idea that all sensible models are hierarchical,

i.e. if AB interaction is included in a model

then A and B must be included as well
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Category theory appears to offer some insights
into modelling, extends work on group theory
due to Fraser (1968) and others.

It might have most importance in analysis of
spatial data, where it seems to be more difficult
to construct realistic statistical models.

But,
“... one does not have to look far in proba-
bility, statistics or physics to see that today’s
concrete foundations are yesterday’s abstrac-
tions. On the other hand, it must ruefully be
admitted that most of yesterday’s abstractions
are buried elsewhere.”(McCullagh, 2002; rejoinder)
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Computational algebraic geometry

The statistical motivation: contingency tables

Example: cellphone study

Control day
on cellphone not on cellphone

Day of on cellphone 13 157
crash not on cellphone 24 505

Example: Queen Victoria’s descendants
Month Month of death

of
Birth Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

Jan 1 0 0 0 1 2 0 0 1 0 1 0
Feb 1 0 0 1 0 0 0 0 0 1 0 2
Mar 1 0 0 0 2 1 0 0 0 0 0 1
Apr 3 0 2 0 0 0 1 0 1 3 1 1
May 2 1 1 1 1 1 1 1 1 1 1 0
Jun 2 0 0 0 1 0 0 0 0 0 0 0
Jul 2 0 2 1 0 0 0 0 1 1 1 2
Aug 0 0 0 3 0 0 1 0 0 1 0 2
Sep 0 0 0 1 1 0 0 0 0 0 1 0
Oct 1 1 0 2 0 0 1 0 0 1 1 0
Nov 0 1 1 1 2 0 0 2 0 1 1 0
Dec 0 1 1 0 0 0 1 0 0 0 0 0
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-standard statistical arguments suggest that

the relevant probability space for testing as-

sociation in the table is the set of all tables of

the same size with the same margins.

-Diaconis & Sturmfels (1998) devised a Markov

chain based algorithm to find all such tables

-choose a pair of columns (at random) and

a pair of rows (at random) and change the

intersection elements using

+ −
− +

− +
+ −

-this is an example of a Markov basis
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Abstraction:

X is a finite set (the sample space)

T = t(X) is a sufficient statistic (map on the

sample space to Nd)

k[X ] a ring of polynomials

T : X → Nd represented by ϕT : k[X ] → k[t1, . . . td]

IT = kernel of ϕT is an ideal

the generators for this ideal correspond to a

Markov basis

the Gröbner basis for IT can be computed

in Queen Victoria example, k[X ] is the ring of

polynomial functions on I×J matrices, and IT
is generated by the 2× 2 minors
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Other examples in D&S include:

- higher way contingency tables

- graphical models

- Hardy-Weinberg equilibrium

- logistic (binary) regression

- spectral analysis of permutation data

Pistone & Wynn (1996)

-Gröbner bases for factorial designs

Pistone, Riccomagno & Wynn (2001)

-more on design, and includes probability mod-

els and statistical models

Disclosure limitation in contingency tables (Serkan

Hosten, Stephen Fienberg, ...)

–what entries are compatible with given marginals?



Example (Dobra, Fienberg, Trottini)

Income level
gender race < 10,000 10,000− 25,000 > 25,000($)

white 96 72 161
Male black 10 7 6

chinese 1 1 2

white 186 127 51
female black 11 7 3

chinese 0 1 0

What are the bounds on the small entries,

given the marginal totals from the two tables

race × income and income × gender?
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Conclusion

-differential geometry and statistical inference

-martingale theory and survival data analysis

-category theory and statistical models

-functional analysis and theory of wavelets

-asymptotic analysis and statistical inference

-graph theory and causality

-quantum statistics

-geometry of random fields; medical imaging

-computational algebraic geometry and contingency tables

–productive interface depends on a reasonably
high level of mathematical sophistication on
the part of statisticians
–productive interface depends on a reasonably
broad approach to the subject on the part of
mathematicians

if its methods fail the test of experience – not the test of logic –
they are discarded

today’s concrete foundations are yesterday’s abstractions. On the

other hand, it must ruefully be admitted that most of yesterday’s

abstractions are buried elsewhere.”
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