Some aspects of matching priors

Overview

1. Matching priors via Edgeworth type expan-
sions

2. Matching priors via saddlepoint-type expan-
sions (strong matching)

3. Example

with Rahul Mukerjee, Don Fraser
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model f(y; 0), 0= (,\)

data Yy = (Y1,---+Yn)

likelihood L(0) = L(0;y) = f(y;0)c(y)
log-likelihood  £(0) = £(0;y) = log f(y; 0) + a(y)

prior, posterior 7(8), w(0ly) o< L(O; y)w(60)

m.l.e.

restricted m.l.e.

obs. info.

exp. info

partitioned info

mm(Yly) = [7(0]y)dA

0 : supg£(0) = ¢(0)
Oy supy £(xp, X) = £(0y)
j(@~1 =asy. var. §

i(0) = (1/n) E{£'(0)%}
i(0) = Uipap TP
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1. Matching priors: Edgeworth-type

a. Quantile matching - posterior quantile is
also a confidence bound;

Posterior density

mn(Wly) = 0(w) + - éu)(poly in w) 4 o(w)(D) 4

w= (4 — D) {FVH(0)) /3

Posterior cdf

M (ly) = ... = ¢<w>+¢(w>{%<1’>+%(ﬂ’>+. B

Quantile
A=) = § + 2o iY@ 2 + ...

Coverage

1 1
Pryw{w(l_a)(y) > Y} =a+ %Tl +-To+ ...
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poly in w has coefficients that are messy func-
tions of data, e.g. {F¥¥}~1/2(7,/7)7%N

shrinkage argument used to get Py
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..1 Edgeworth expansions

Ty =0 <= (¥, \) x {igy(0)}1/2g(N)

Peers 1965

1 —3/2.

1
c 1.1,1)

+ Z Z Dy{igs %1155 g(A)} = 0

v=2 §=2

where i1 11 = E(¢1) and i115 = E(¢115)

Mukerjee & Ghosh, 1997, Bka

Example: bivariate normal; ¥ = pus/p1

1/2
— First order 7()\) o g(A1, Ao, A3, A1) (A—2) /

— Second order w(\) x g(>\2,>\3,>\4)>\fl



...1 Edgeworth type
b Other matching criteria
— distribution function matching
E  Proy{va(p —9){i*32 < wly}
= Pryp{vn(y — $)/{7"¥}V/? < w} + O(n™7)

— from quantile argument, have expansion for

Proy {v/n( — $) P12 < wly}

— finding Ey|9 means getting expected values
of numerous coefficients

— use shrinkage argument on this result, to get

Pry p{vay —$)/{YY}/2 < w)

then compare for each w (in bivariate normal
gives same result, although not always)



...1 Edgeworth type

— match coverage under local alternatives

Mukerjee and Reid, 1999
in bivariate normal gives g(Az, A\g)/(A1A2)

— match tolerance limits or other functions
h(0)

— match distribution function for Wald or LR
statistic

— match prediction limits (very different expan-
sion)

Datta et al., 2000, AnnStat; Sweeting 2001 Bka



alternatives:

Pryjpfy <97 (y)} =1 -a+0(n1) and
Pryjo{y +8(i¥¥)12 < pl=e)(y)} =

By g[Propy {1p+5(i¥¥)1/2 < 1= (¥) |V} +0(n~1)

(or O(n™3/2))
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2. Saddlepoint-type expansions

1. Bayesian p-value for :

(r) + o(r) (5 - 3)

.
or

S(r*) = d(r + ~log )

T T

where
ro= £[2{6p() — Lp(x)}]L/? likelihood root

S 5(0)) }‘1/2 (@)

= 0,(h, Ny) { — 4 Z ¢ f

1= G ‘”){lm<w,w| r@ Ay

— derived from Laplace approximation to marginal
posterior

— accurate to O(n=3/2)
— approximates Pr9|Y{R > r(y)|y}

— R= T(W7y)



...2 Saddlepoint-type expansions

1. Frequentist p-value for 04:

(r) + o(r) (5 - 3)

T

where
ro= x[2{6p(%) — ()% likelihood root

- 1/2
g = {x(0)—x(0y)} {U('i(;‘()gib)'} type of Wald

— derived from p* approximation
— accurate to O(n=3/2)

— approximates Pry g{R < r(+)|0}

—RZ"“(%Y)
p(0) = Ly(0;y°)  x(0) = vp(y)/ |- (0)
Fowl = lialleal ™



...3 Saddlepoint / strong matching

— Strong matching: qr = 4B, e <—

(), Ay) _ Ly(0y)  1pe(8)] 17ax(0y)]
7(0) X(0) —x(0y) 150 |er(Oy)]

— gives form of prior for ¢, but not A\

— depends on data

— not a very workable prescription as a 'default’
prior (e.g. in bivariate normal prescribes flat

prior for regression coefficient )

— but, does cast some light on the nature of
matching priors



...3 Strong matching

— frequentist p-value derived by finding an 'ap-
proximating exponential model’ for £(0; y), with
canonical parameter ¢(6)

— i.e. has the properties of an exponential
model, e.g. 82¢/9¢? depends only on o,
920/9pds = 1, etc.

— Except for a term of O(n~1), of the form
cp?y? (and we are ignoring terms of O(n—3/2)
and higher

— there is also an 'approximating location model’,
with location parameter 3(0), except for a sin-
gle O(n=1) term

— to O(n—1) the strong matching prior is flat
in 8: i.e. w(0) < dB(0)
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— if the model is location to O(n=3/2), i.e. the

single term is missing, then dg3 is strong match-
ing to O(n=3/2)

— in the nuisance parameter case, if ¢ is linear
in 3, then we have strong matching for

— otherwise we need to target ¢, using

ay(0) |
03’ (0) (¥, 3)

(v, 5\¢) X ‘ -info adjustment

— If @ is a scalar then

(9 £g(0)
8(6) = /é iy

— strong matching to 2nd order leads to |juu(¢)|1/2,
a data-dependent Jeffreys’ prior



3 Example: Location model with curved
parameter of interest

Y1 ~ N(61,1), Yo ~ N(6>,1) independent

V2 = (R+ 01)% + 03; Rknown

r? = V{(R+y1)2+y3)}

Bayesian posterior (01,05|y) ~ N(y1,y2)
frequentist p-value (marginal) Pr{r < r9;¢9)
Bayesian p-value Pr{y > ¢0)y)

frequentist = Pr{xgl(zpo)2 < (W) + R)? +y5°}
Bayesian = Pr{x3 ((y¢ + R)? + 432 > %2}
Bayesian-frequentist = Pr{X;— X, =0}: X;~

Po((y9 + R)? 4+ 392), X5 ~ Po(49?)
11
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4 Conclusions

— no easy fix to the problem of nuisance pa-
rameters

— data-dependent priors may be necessary, even
in a Bayesian context

— many other approaches to default priors, e.qg.
reference prior maximizes the Kullback-Liebler
distance between the prior and the posterior

Berger & Bernardo, 1989, JASA ; Kass & Wasserman,
1996, JASA: Clarke & Yuan, 2001, preprint

— another approach: find 'the’ likelihood for 61
(Fraser, 2002)

14



