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A Basic Structure

e data y=W1,---¥n) R"

e model f(y; 0) probability density
o parameters 6= (01,...,0k) Rk
e inference about 6 (or components of 9)

an interval of values of 6 consistent with the data
a probability distribution for 6, conditional on the data
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JAMA

The Journal of the American Medical Association

I ORIGINAL CONTRIBUTION

Comparison of the Atkins, Zone, Ornish,
and LEARN Diets for Change in Weight
and Related Risk Factors Among Overweight

Premenopausal Women
The A TO Z Weight Loss Study: A Randomized Trial

Christopher D. Gardner, PhD

Context Popular diets, particularly those low in carbohydrates, have challenged cur-

Alexandre Kiazand, MD rent recormmendations advising a low-fat, high-carbohydrate diet for weight loss. Po-
Sofiya Alhassan, PhD tential benefits and risks have not been tested adequately.
soo;.m’ Kim. PRD Objective To compare 4 weight-loss diets representing a spectrum of low to high

Rondoll 5. Swiard MD_VRD carbohydrate intake for effects on weight loss and related metabolic variables.
anda? 5. Staflord, V. Design, Setting, and Participants Twelve-month randomized trial conducted in

Raymond R. Balise, PhDD the United States from February 2003 to October 2005 among 311 free-living, over-
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e “The average 12 month weight loss on the Atkins diet was
10.3 Ibs, compared to 3.5, 5.7 and 4.8 Ibs on the Zone,
Learn and Ornish diets, respectively.”

¢ “mean 12 month weight loss on the Atkins diet was 4.7 kg
(95% confidence interval 3.1 to 6.3 kg)”

e “mean 12 month weight loss was significantly different
between the Atkins and the Zone diets (p < 0.05)”

¢ The probability that the average weight loss on the Atkins
diet is greater than that on the Zone diet is 0.983

TJAMA, Mar 7
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lain's 2006 Oscar Predictions
The following table provides predictions for the four main categories for the 2006 Academy Awards. The nominees are
presented in order of expected probability to win, with the probabilities (in percentages) given in the final column.
In a nutshell, the predictions are based on a statistical analysis of past Oscar history. In particular, | identify the
influence of factors associated with past winners (such as other Oscar nominations, total number of Oscar nominations,
grewous Oscar nominations/wins, Golden Globe wins, Guild wins). | then calculate a score for each current nominee
ased on these factors - nominees with a higher score have more chance of winning (see the notes column in the
table). For further details of how the predictions were made click here.
Category Nominee Probabi(l% Notes
Although The Departed seems to be
gaee e the bookmaker's favorite, Babel gets
a big score for its Golden Globe
The Departed 9.7 | (drama) win and having the most
overall nominations (seven) of the
five Best Picture contenders.
Picture The Queen 9.5 | Interestingly, the model gives The
Departed and The Queen roughly
: . R equal chances of winning, with Little
Little Miss Sunshine 74 | Miss Sunshine not far behind with its
Producer's Guild win. Overall, this
: category seems the hardest to call of
Letters from Iwo Jima 3.9 the four major races this year.
Martin Scorsese for The 97.0
Departed ™ | Martin Scorsese benefits from his
Aleiandro Gonzalez Inarit Director's Guild win and from five
t ell?,anb ’I° onzalez inarmu 1.2 | previous director nominations,
Rpoaus making him a clear favorite here.
= First-time nominee, Alejandro
: Clint Eastwood for Letters 4
Director ey THoe 0.9 lez Inarritu, and previous a
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Bayesian inference

m(0 | y) o< f(y; 0)m(0)
f(y: 0)m(0)
(0 1y) = [ f(y;0)n(0)d6
parameter of interest ()
(@ 1Y) = Jruoy—sy 7(0 | ¥)00
integrals often computed using simulation methods

marginal posterior density summarizes all information
about ¢ available from the data
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nonBayesian inference

find a function of the data f(y), say, with
1. distribution depending only on ¢
2. distribution that is known
usually based on the log-likelihood function
00;y)=logf(y;0) 6 =argsupl(6;y)
By = arg supy(gy—, £(6: ¥)
likelihood ratio statistic: 2{¢(d; y) — (8y; )}~ 2,

Wald statistic 5~ 1/2(¢) — ) -%> N(0, 1)

if ¢ is scalar: r*(y) ~ N(0,1)

statistic is derived from the model (via the likelihood
function)

distribution comes from asymptotic theory

likelihood is not (usually) integrated but is (usually)
maximized
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... Bayesian inference

well defined basis for inference

internally consistent

leads to optimal results from one point of view

requires a probability distribution for 6 ( a prior distribution)
not necessarily calibrated

not always clear how much answers depend on the choice
of prior

requires (high-) dimensional integration, or simulation, or
approximation

useful in applications
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... honBayesian inference

properties well understood

calibrated: properties correspond to long-run frequency
choice of function {(y) may be non-optimal
approximation to distribution of t(Y’) may be poor
approximation to distribution of t(Y’) may be excellent
useful in applications
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Fisher (1920s, frequentist): “I know only one case in
mathematics of a doctrine which has been accepted and
developed by the most eminent men of their time, and is
now perhaps accepted by men now living, which at the
same time has appeared to a succession of sound writers
to be fundamentally false and devoid of foundation”
Lindley (1950s, Bayesian): “Every statistician would be a
Bayesian if he took the trouble to read the literature
thoroughly and was honest enough to admit that he might
have been wrong”
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Approximate posteriors

P
/ Tm(® | y)dv = S(r5){1 + O(n3/2)}

rg = r+1log QB
ro= [2{(¥ )— to()}]'/2

a1 (N2 (0
g — —523(1#)/,;1/2(1/1) i (0)['/= 7 (6y)

i (0y)[172 = (0)

lo(v) = E(w,3\¢):€(9w)

Conclusions
00000
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Bayesian and frequentist inference
LAsymptotic theory
Approximate posteriors
Approximate posteriors

marginal posterior density:

) = [ el e imo

Cexp{ﬁ(%)}\h,\( )l /2 (6‘1/1){1 +O(n_3/2)}
exp{¢(6)}1j(0)|~"/2m(0)

. 5N h an(8y)| 7172 m(0y)
= Cexp{f(Qw) 6(9)}1}3(@)_1/2|j-)\>\(éw)|—1/2 (é)

m™m(r|y) = cexp(-

= cexp(—



Overview Methods of inference Asymptotic theory Examples Constructing priors Conclusions

00000 00000 0e00 0000 0000 00000
[e]e]e} 00000

... approximation to the posterior is really good

e Example:
Yi~N@. D, yi=Win, - Yi), 0=(01,....0k)
Y =/(0%+..+62)

flat prior 7(6)d6# « do

posterior is proper, in fact is x2 (n||y|?

. - 1
rg = v/n(¥ ¢)+\/n(12_w)|09{<

~—

>(k—1)/2}

<5<
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... hormal circle, k=2

normal circle, n=1 normal circle
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... hormal circle, increasing k

changing k increasing k
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Are Bayesian and nonBayesian solutions really
that different?

e posterior probability limit

* Pryy{0 < =Ny} =1 -«

e upper confidence bound

e Pryjp{0 < 0= (7, ¥Y)}=1—-a

o first depends on the prior, second is evaluated under the
model

e is there a prior for which both limits are equal?

« no?, but there might be a prior for which they are
approximately equal:
Pryjp{0 < 0(1*0‘)(7@ Y)}=1—a+0O(1/n)

e matching prior

2except in a location model
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... matching priors

if & € R, then () o i'/2(0) (Welch & Peers, 1963)
if § = (¥, \) then

m(0) o< /2 (6)g(N)
(Peers, 1965; Tibshirani, 1989)
where we reparametrize if necessary so that iy (6) = 0
matching priors are one version of objective priors
they depend on the model
reference priors of Berger and Bernardo are a different
version of objective priors
with a slightly different goal: maximize the ‘distance’ from
prior to posterior
good news: Bayesian inference with matching priors is
calibrated
bad news: there is a whole family of such priors, even in
relatively simple situations
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. good news: matching priors are unique

when used in the r* approximation(DiCiccio & Martin 93, Staicu 07)

P
/ Tm(® | y)dv = S(r5){1 + O(n~3/2)}

rE r_|_1|og QB
ro= [2{{p(y )_ (1)}
G =ty V) I OL 70

i (0y)1/2 (1, 3)
.1/2 2 .
VU (1/)7 /\1/)) ()\1/))
72

iy (0,8 9(4)

when ¢ orthogonal to A, Ay, = M1+ Op(n~")}
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Logistic regression

The first ten out of 79 sets of observations on the physical
characteristics of urine. Presence/absence of calcium oxalate
crystals is indicated by 1/0. Two cases with missing values.®

Case Crystals Specific gravity pH Osmolarity Conductivity Urea Calcium

1 0 1.021 4.91 725 — 443 2.45
2 0 1.017 5.74 577 20.0 296 4.49
3 0 1.008 7.20 321 14.9 101 2.36
4 0 1.011 5.51 408 12.6 224 2.15
5 0 1.005 6.52 187 75 91 1.16
6 0 1.020 5.27 668 253 252 3.34
7 0 1.012 5.62 461 17.4 195 1.40
8 0 1.029 5.67 1107 35.9 550 8.48
9 0 1.015 5.41 543 219 170 1.16
10 0 1.021 6.13 779 257 382 2.21

3Andrews & Herzberg, 1985
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... logistic regression
Model: Independent binary responses Yi, ..., Y, with
T
Pr(Y; = 1) = —ZPB) @
1+ exp(x;' B)
linear exponential family:

(B y) = exp{BoXy;i + B1Xxqiyi+ - - + BeXXeiyi — ¢(B) — d(y)}

parameter of interest ¢ = g, say
orthogonal nuisance parameter \; = E(yx;)

Ay = A (special to exponential families)

(1, A) i;{f(w, A), unique
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... logistic regression

Confidence/posterior interval for parameter of interest

method lower bound upper bound p-value for 0

o(r) —0.058 0.00029 0.052
d(rg) —0.058 0.00028 0.052
1st order —0.063 —0.00062 0.047

First line uses a (very accurate) approximation to the
conditional distribution of X y;xg;, given sufficient statistics for
nuisance parameters (exponential family)

Fitted using cond library of package hoa
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Bayesian and frequentist inference . logistic regression

Examples method lower bound  upper bound  p-value for 0
- . T e
Logistic regression o 0w oo om

.. logistic regression Pt ey i i o

a1, Gver
sanes paramotos (wpononie Qaml\y)
Fited using cond library of package 1

n=77,d =7, but the information in 77 binary observations seems to
be comparable to the information in about 10 continuous observations
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Matching priors need to be targetted on the
parameter of interest

e as do all objective priors

o ‘flat’ priors for vector parameters don’t lead to calibrated
inferences

e Example: y; ~ N(0;,1),i=1,...,k
« exact and approximate posterior for 3~ 62 nearly identical
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Matching priors need to be targetted on the
parameter of interest

¢ as do all objective priors

« ‘flat’ priors for vector parameters don’t lead to calibrated
inferences

e Example: y; ~ N(0;,1),i=1,...,k

« exact and approximate posterior for >~ 62 nearly identical
o posterior used prior 7(9) o< 1, marginalize to ¢ = > 62

e posterior limits are not probability limits

e there is an exact nonBayesian solution, based on marginal
density of >~ y2 (noncentral x?) Dawid, Stone, Zidek, 1974
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dependence on dimension

difference
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nonBayesian asymptotics

find a function of the data with known distribution
depending on v
our candidate: rf = rg(v; y) with N(0, 1) distribution

rF_r+—|og qF

ar = {x(0) — x(By)} /6
a maximum likelihood type departure

x(0) = scalar function of ()
6 — ©(h) = ¢(; y°): a re-parametrization of the model
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... honBayesian asymptotics

e where does this come from and why does it work

e using ¢ we can construct an approximate exponential
family model

e this is the route to accurate density approximation using
saddlepoint-type arguments

« to get ¢(0) differentiate the log-likelihood on the sample
space

° 9j(0) = GU0:y° + tv)) t=0

* jiggle the observed data in directions v;, and record the
change in the log likelihood

e gives a way to implement approximate conditioning

leads to quite accurate frequentist solutions
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... does this help with finding priors?

. strong matching priors (FR, 2002)
e posterior marginal distribution s(vy)) = ®(rg)
e nonBayesian p-value function p(v)) = ®(rf)

9r
r

a8
r

1
rF = r+7log

N 1
rg = r+7log

Set gr = gp, and solve for prior 7 (if possible)
guarantees matching to 3rd order

leads to a data dependent prior

automatically targetted on parameter of interest
only a function of the parameter of interest
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g s s 2

I—Constructing priors ~ estoror ol aston 1) = ()

« nonBayesian pvalue funcion p(v) = ©(rz)

s = r4liog%E
o= ritiogd

... does this help with finding priors?
« Set gr = gg, and solve for prior  (if possible)
e

g = —Lw)p *($) blue prior

ar = {x(0) — x(0)}/6
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... does this help

2. approximate location models
e every model f(y; #) can be approximated by a location
model (locally)
e |location models have automatic prior for vector 6: flat

« change at 6 that generates an increment dé at observed
data, W(0), say

o flat prior is 7(0) o< |W(0)| = |AV(0)| = |Zz
e Vs a n x k matrix with ith row
Fo(y?:0)
R0
e gives a natural default prior for vector parameters

e still need to deal with marginalization to target parameters
of interest

Vi(6) =
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L does this help

approximate location model f(y — 3(6)), say
factors as f;(a)f(d — 5(0))

[ ]
e if f3(-) = 0 then
[ ]
df = By (0)do
o flat prior is |3y (6)|

... does this help
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Summarizing

asymptotic theory is useful for obtaining (very) good
approximations to distributions

can be used in Bayesian or nonBayesian contexts

can be used to derive posterior intervals that are calibrated
can be used to simplify the choice of matching priors
finding priors is not straightforward

likelihood plus first derivative change in the sample space
is ‘instrinsic’ to inference, at least asymptotically to

O( n—3/2)

flat priors for a location parameter will not lead to calibrated
posteriors for curved parameters
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We’re all Bayesians really

Economist Jan 14, 2006

Paychology
Bayes rules

CIENGE, being  human activity, is not
e to fashion, For example. one
the first mathematicians 1o study the sub:
ject of probability theory was an English
elergyman called Thomas Bayes, who was
borm in 1702 and died in 1761 His ideas
about the prediction of futuse events from
ore o two examgles were popular for a
while, and have never been funda-
mentally challenged. But they were even-
whelmed by those of the "fre-
I, which developed the

P TR E

help i d works

they are -an the right mack, bt only re-
cently have they begun 10 kool atwhether
the brain copes with everyday judgments
inthe real world i in

The Econamist

comsequence of simple  mathematical
equations for, at leust, of equations thit
mathematicians cegard ansimple,

Wit the eorrect prior, even a single
plice of data can be wsed to make mean-
ingful Bayesian predictions. By contrast
frequentists, thaugh they deal with the
same probability distriburions as Biyes:
jants, make ewer prior ussumptions about
the distriliution thit appliessn any particu-
lar situation. Froquentism i thus a more
robust approach, but ene that Is not well
suited 10 making decisions on the basis of
lirnited thich i eibing

i

sesearch 1o be published later this year in
Paycholngical Science, Thomas Griffiths of
Brown University in Rhode Island and
Joshua Tenenbaum of the Massachuselts
Institute of Technology put the idea of &
Bayesian bmin to a quotidian fest. They
foumd thatit passes with flying colours,

T e

that prople have to do all the time.

Dr Griffiths and Dr Tenenbaum con-
dueted their experiment by siving individ:
wal prggets of infurmiation o each of the
participants in their stdy (of which they
had, in an ironieally frequentist way of do-
ing things, a total of 350), and asking them
tochiaw a genersl conelusion. For example,
many of the participants were told

Conclusions
00000



Conclusions
00e00

... Bayesian

Griffiths and Tenenbaum Psychological Science

¢ asked subjects to make predictions based on limited
evidence

¢ concluded that the predictions were consistent with
Bayesian methods of inference

e “the results of our experiment reveal a far closer
correspondence between optimal statistical inference and
everyday cognition than that suggested by previous
research”
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... Bayesian

e Goldstein (2006): “we argue first that the subjectivist Bayes
approach is the only feasible method for tackling many
scientific problems”

e Neal (1998): “Using "technological” or "reference” priors
chosen solely for convenience, or out of a mis-guided
desire for pseudo-objectivity ... [or] using priors that vary
with the amount of data that you have collected ... have no
real Bayesian justification, and since they are usually
offered with no other justification either, | consider them to
be highly dubious.”

e Wasserman (2006): “I think it would be hard to defend a

sequence of subjective analyses that yield poor frequency
coverage”
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