1. Introduction

Goal: p-value for scalar parameter

Solution: correction to likelihood ratio statistic
via maximum likelihood or score type statistic

p—value = &(r)+ () (1 - 3)

r

= o(r+-log?)
r r

ro= £VI2{%,A) — £, Ay)}]



based on likelihood ratio test
easily related to Bayesian solution
limits scope of solutions (Skovgaard, 99)

1-a



2. Steps in solution

1. p* or something similar to get a density
supported on R instead of R
(i.e. condition on ancillary)

2. transform this to joint density of a one-
dimensional pivotal statistic for ¢, and
something else

3. integrate out something else

4. integrate density up to (or beyond)
observed data point

Note that 1. and 3. are also needed for prob-
lems with no nuisance parameters, and that 2.
can be obtained via 1.



3. Details
Step 1. nlk

A: y <> (0,a); need p(a;0) = p(a)

Embed f(y;0) in a family with a k£ + d dimen-
sional sufficient statistic and k4 d dimensional
parameter, f(y;0,n), say.

Successively test n; = 0,5 = 1,...,d using r*
type statistics (standard normal to high order)

Refs: Barndorff-Nielsen and Wood (1998, Bernoulli),
Jensen (1992, Biometrika), Skovgaard (1996, Bernoulli)

p*(9la; 0) = ¢|5(8)|}/% exp{€(8) — £(8)}



B: For p-values, the only information needed
about a is 0€(0;y)/0V (y), where V is a set of
vectors tangent to the ancillary surface at the
observed data point.

These can be computed using a location model
approximation to f(y;6) locally near (y°,89)

The approximate k-dimensional model thus
obtained has the structure of an exponential
family model; called a tangent exponential model

prem(sla; 0) = &)~ 2expe(8; y°) — £(8°%; y°) +
{p(8) — p(8°)}7s]

(0 = ¢(8;y°) = L.y(6;4°)

, D42
ile) = —@{9(¢); y°}



Example

p) — (y—0)—c(6)  _
c(0) = log{w0/sin(70)}
n—>2

A: Need to find coordinates (8,a) + (y1,y2)
where ¢/(0) = 0; p(a; ) free of 6 (approx)

B: Trace out the curve in (y1,y2) from (3%, 39)
by finding, at :th iteration

i Fp(y1,0)
’U]_ - — -
f(y1,0) yzl—l,@‘i—l
T Fe(y270)
’02 = — -
f(y2,0) y@2—1,§i—1

Curve is go,gl = go —+ 5@0, e
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Step 2. Fix a; find a pivotal statistic for :

f 1 is fixed, a pivotal for ¢ is an ancillary statis-
tic for the nuisance parameter X; apply Step 1.
to find this pivotal.

eads to dimension reduction from k to 1.

A: eads to r:‘b and the calculation
p*(@)  p*(ry, Ay)
thence to
p (r5)= (0,1)

1
X ___ —l .
Ty =1y + —109(-)

B: Ancillary exists by construction in Step 1.,
SO
prEM(S; 0la) = p1(s; Olay)p2(ay)

where both prgjs and p; have exponential
family form, take ratio to get p(ay)



. Step 2

n both cases the approximations are of aplace
type and cdf easily found to be of the form

S(r) = d{r+(1/r)log( /r)}

= ®(r) +¢(r)(1/r—1/q)

ro= £[2{0(P, X) — £(1h, Xy)}]

_16q(0) = £.5(0y) € 5(0y)] 709 (8)|1/2
B 1£4.5(0))] 7 (By)]1/2
. = |€;V(§)—f;v(9¢)A £ v (8y) 1706 (8)|1/2
[£g:1/(8)] 7 (B2

IS @ dual score statistic

q= (" —"y)/" isa ald statistic for a derived
parameter



(0) = eje(d)

- 19 )(9¢)|1/2
|j(99)(9)|1/2

50y D| = lige(®)llep (0)| 2

G YO = 15 @plle @)
0(0) = £y (6;y°)

ey, = ¥ (Bp)/1v (6y)



a esian ersions and atc in priors
1. Bayesian version

erivations similar, but easier because
inferential basis prescribed, also variable of
integration is ¥, not o

esult is

r( Yly) = ©(r)
where
i (B2 7(8)
HOIREEEI(

qg=q ={£;(0y)



strong matching sets ¢ = ¢q , which implies
that

This prior is at in an approximate location
parametri ation, with an adjustment for
nuisance parameters.

epends on y, although we could take expec-
tations.
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d(r) + o(r) q——; + ...



2. using expansions

Edgeworth expansion for posterior density,
leading to Cornish-Fisher expansion for
posterior (1 — ) uantile, a series in § and
observed log-likelihood derivatives

Taylor series expansion for fre uentist
coverage, using asymptotic distribution of
log-likelihood derivatives

e uate fre uentist coverage to 1 —

leads to di erential e uation involving =«
and expected log-likelihood derivatives
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1. to (n~1) ( elch and eers, 19 3):

scalar parameter 6:

7(0) 14(0) _

__ - ;1/2
7(0) 2i(9) =0 = (0 (0

with nuisance parameters:

0 . —1/2.
26, {it1(9)} 1/221]'(9)7T(9) =0 (1)

eers, 196 , Bka; oS and uker ee, 199

J

in general has infinitely many solutions; e.g.
suppose i1;(0) = 0,5 =2,...,p:

9 1/2 _
3—91{le (0)m(0)} =0

w(0) i1} (8) (82,...,0)

i s irani, 1989, Bka
12



re uire (1) for each component in turn; leads
to no solutions (in general)

2. to (n~ /2): epends on the model
structure
2(7‘-79) =0
d 0

do {i(9)} /2

in scalar parameter case, and a similar
condition in the case of nuisance parameters

uker ee os , 199 |, Bka
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- n the orthogonal parameter case, this
condition is

1 _
— (0(2)) 1(’i11/2i1,1,1)

—1/2. .
+ {211/ 111 (9(2))} =0
2 2
where i1 11 = (£1) andigx = (11 )
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Conclusions

matchingto (n~1) doesn tlead to a uni ue
solution

to next order depends both on matching
criteria and on model

strong matching approach may provide
insight into this

Bayes fre uentist inference can t agreeto
(n~ /2) because of sample space
di erentiation
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