
... derived quantities, i.i.d. sample

observed likelihood L(θ; y) ∝
∏n

i=1 f (yi; θ)

log-likelihood `(θ; y) =
∑n

i=1 log f (y; θ)+a(y)

score U(θ) = ∂`(θ; y)/∂θ = Op(
√
n)

maximum likelihood estimate θ̂ = θ̂(y) = arg supθ `(θ; y)

Fisher information j(θ̂) = −∂2`(θ̂; y)/∂θ∂θT = Op(n)

expected information i(θ) = EθU(θ)U(θ)T = O(n)
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Bartlett identities

1 =

∫
f (y; θ)dy endpoints not speci�ed

0 =
∂

∂θ

∫
f (y; θ)dy

=

∫
∂

∂θ
f (y; θ)dy but can’t involve θ

=

∫
∂

∂θ
`(θ; y)f (y; θ)dy = Eθ{U(θ; Y)}

0 =
∂

∂θ

∫
∂

∂θ
`(θ; y)f (y; θ)dy

=

∫
[
∂2

∂θ∂θT
`(θ; y) + { ∂

∂θ
`(θ; y)}{ ∂

∂θ
`(θ; y)}T]f (y; θ)dy

⇒ Eθ{U(θ)UT(θ)} = Eθ{−
∂2

∂θ∂θT
`(θ; y)}

i(θ) = Eθ{j(θ)}
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p-value functions of θ

•

ru(θ) = U(θ)j−1/2(θ̂)
.∼ N(0, 1)

re(θ) = (θ̂ − θ)j1/2(θ̂),

r(θ) = sign(θ̂ − θ)[2{`(θ̂)− `(θ)}]1/2

• approximate pivotal quantities

Pr{ru(θ) ≤ r0u(θ)} .= Φ{r0u(θ)}

under sampling from the model f(y; θ) = f(y1, . . . , yn; θ)

• p-value function (of θ, for �xed data)

pu(θ) = Φ{r0u(θ)}

• similarly pe(θ) = Φ{re(θ)}, pr(θ) = Φ{r(θ)} are also
p-value functions for θ, based on limiting dist’ns
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Nuisance parameters

• θ = (ψ, λ) = (ψ1, . . . , ψq, λ1, . . . , λd−q)

• U(θ) =

(
Uψ(θ)

Uλ(θ)

)
, Uλ(ψ, λ̂ψ) = 0

• i(θ) =

(
iψψ iψλ
iλψ iλλ

)
j(θ) =

(
jψψ jψλ
jλψ jλλ

)

• i−1(θ) =

(
iψψ iψλ

iλψ iλλ

)
j−1(θ) =

(
jψψ jψλ

jλψ jλλ

)
.

• iψψ(θ) = {iψψ(θ)− iψλ(θ)i−1λλ(θ)iλψ(θ)}−1,

• `P(ψ) = `(ψ, λ̂ψ), jP(ψ) = −`′′P(ψ)
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Inference from limiting distributions, nuisance parameters

wu(ψ) = Uψ(ψ, λ̂ψ)T{iψψ(ψ, λ̂ψ)}Uψ(ψ, λ̂ψ)
.∼ χ2q

we(ψ) = (ψ̂ − ψ){iψψ(ψ̂, λ̂)}−1(ψ̂ − ψ)
.∼ χ2q

w(ψ) = 2{`(ψ̂, λ̂)− `(ψ, λ̂ψ)} = 2{`P(ψ̂)− `P(ψ)} .∼ χ2q;

Approximate Pivots, q = 1

ru(ψ) = `′P(ψ)jP(ψ̂)1/2
.∼ N(0, 1),

re(ψ) = (ψ̂ − ψ)jP(ψ̂)1/2
.∼ N(0, 1),

r(ψ) = sign(ψ̂ − ψ)2{`P(ψ̂)− `P(ψ)} .∼ N(0, 1)
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