
Various ‘types’ of likelihood

1. likelihood, marginal likelihood, conditional likelihood, pro�le
likelihood, adjusted pro�le likelihood

2. semi-parametric likelihood, partial likelihood

3. empirical likelihood, penalized likelihood

4. quasi-likelihood, composite likelihood

5. simulated likelihood, indirect inference

6. bootstrap likelihood, h-likelihood, weighted likelihood,
pseudo-likelihood, local likelihood, sieve likelihood
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October 23

• consistency of mle (sketch and refs, use dra�)
• careful derivation of limit theorem
• limit theorem for Bayes posterior; Laplace approx
• reminder: pro�le and limit theorems (handout)
• marginal and conditional likelihood (slides)
• adjusted pro�le likelihood (slides)
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Asymptotics for Bayesian inference

• π(θ | y) =
exp{`(θ; y)}π(θ)∫
exp{`(θ; y)}π(θ)dθ

• expand numerator and denominator about θ̂, assuming `′(θ̂) = 0

• π(θ | y)
.

= N{θ̂, j−1(θ̂)} “data swamps the prior”

• a similar argument would give π(θ | y)
.

= N{θ̂π, j−1π (θ̂π)},
θ̂π solves h′(θ) = 0; h(θ) = `(θ) + log π(θ)

θ̂ = θ̂π + Op(n−1)
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Posterior is asymptotically normal

careful statement 1: Berger, Ch.4; Walker, 1969

For any a,b ∈ R,a < b, let an = an(y) = θ̂n + aj−1/2(θ̂n),
bn = bn(y) = θ̂n + bj−1/2(θ̂n), where θ̂n is the solution of `′(θ; y) = 0,
assumed unique, and j(θ) = −`′′(θ; y). Then∫ bn

an
π(θ | y) −→ Φ(b)− Φ(a), n→∞.

careful statement 2: Johnson, 1970

If π(θ0) > 0 and π′(θ) is continuous in a neighbourhood of θ0, there
exist constants D and ny s.t.

|Fn(ξ)− Φ(ξ)| < Dn−1/2, for all n > ny,

on an almost-sure set with respect to π(θ0)f (y; θ0)

y = (y1, . . . , yn) is i.i.d. from f(y; θ0)
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Laplace approximation

• π(θ | y) =
exp{`(θ)}π(θ)∫
exp{`(θ)}π(θ)dθ

• expand denominator only about θ̂

π(θ | y)
.

=
1

(2π)d/2
|j(θ̂)|+1/2 exp{`(θ; y)− `(θ̂; y)}π(θ)

π(θ̂)

• more precisely

π(θ | y) =
1

(2π)d/2
|j(θ̂)|+1/2 exp{`(θ; y)− `(θ̂; y)}π(θ)

π(θ̂)
{1+ O(n−1)}
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Posterior cdf, d = 1

∫ θ

−∞
π(ϑ | y)dϑ .

=

∫ θ

−∞

1
(2π)1/2

|j(θ̂)|+1/2 exp{`(θ; y)− `(θ̂; y)}π(θ)

π(θ̂)
dθ

=

∫ r

∞

1
(2π)1/2

e−r
2/2j1/2(θ̂)

π(θ)

π(θ̂)

r
−`′(θ)

dr

=

∫ r

∞
φ(r)

(
r
q + 1− 1

)
dr

= Φ(r) +

∫ r

∞
rφ(r)

(
1
q −

1
r

)
dr

= Φ(r) + φ(r)
(
1
r −

1
q

)
+

∫ r

∞
φ(r)d

(
1
r −

1
q

)
show that r = q+ aq2/

√
n+ bq3/n implies (1/r − 1/q) is linear in r; see for example

BDR, §8.6 and A.2
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Nuisance parameters

• θ = (ψ, λ) = (ψ1, . . . , ψq, λ1, . . . , λd−q)

• U(θ) =

(
Uψ(θ)

Uλ(θ)

)
, Uλ(ψ, λ̂ψ) = 0

• i(θ) =

(
iψψ iψλ
iλψ iλλ

)
j(θ) =

(
jψψ jψλ
jλψ jλλ

)

• i−1(θ) =

(
iψψ iψλ

iλψ iλλ

)
j−1(θ) =

(
jψψ jψλ

jλψ jλλ

)
.

• iψψ(θ) = {iψψ(θ)− iψλ(θ)i−1λλ(θ)iλψ(θ)}−1,

• `P(ψ) = `(ψ, λ̂ψ), jP(ψ) = −`′′P(ψ)
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Inference from limiting distributions, nuisance parameters

wu(ψ) = Uψ(ψ, λ̂ψ)T{iψψ(ψ, λ̂ψ)}Uψ(ψ, λ̂ψ)
.∼ χ2q

we(ψ) = (ψ̂ − ψ){iψψ(ψ̂, λ̂)}−1(ψ̂ − ψ)
.∼ χ2q

w(ψ) = 2{`(ψ̂, λ̂)− `(ψ, λ̂ψ)} = 2{`P(ψ̂)− `P(ψ)} .∼ χ2q;

Approximate Pivots, q = 1

ru(ψ) = `′P(ψ)jP(ψ̂)−1/2
.∼ N(0, 1),

re(ψ) = (ψ̂ − ψ)jP(ψ̂)1/2
.∼ N(0, 1),

r(ψ) = sign(ψ̂ − ψ)[2{`P(ψ̂)− `P(ψ)}]1/2 .∼ N(0, 1)

all based on treating pro�le log-likelihood as a one-parameter
log-likelihood
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Pro�le likelihood: examples

• regression
y = Xβ + ε, ε ∼ N(0, σ2), ψ = σ2

σ̂2 =
1
n (y − Xβ̂)T(y − Xβ̂)

• Neyman-Scott

yij ∼ N(µi, σ
2), j = 1, . . . , k; i = 1, . . . ,m

σ̂2 =
1
mk

m∑
i=1

(yij − ȳi.)2

• 2× 2 tables

yi1 ∼ Bern(pi1), yi2 ∼ Bern(pi2), i = 1, . . . ,n, log{pi1/(1− pi1)
pi2(1− pi2)

} = ψ+λi

ψ̂
p→ ψ/2
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This is a plot of −n log σ − (y − Xβ̂)T(y − Xβ̂)/2σ2 (black), and
−(n− p) log σ − (y − Xβ̂)T(y − Xβ̂)/2σ2 against σ (red) for given data



Eliminating nuisance parameters

• Pro�le likelihood poor if q large; fails if q→∞

• alternative: marginal likelihood:
f (yn;ψ, λ) ∝ fm(t1;ψ)fc(t2 | t1;ψ, λ) tj = tj(y)

• Example N(Xβ, σ2I) : f (y;β, σ2) ∝ fm(RSS;σ2)fc(β̂ | RSS;β, σ2)

Lm(σ2) ∝ fm(RSS;σ2)

• alternative conditional likelihood:
f (y;ψ, λ) ∝ fc(t1 | t2;ψ)fm(t2;ψ, λ)

• Example 2× 2 tables:
f (y;ψ, λ) ∝

∏n
i=1 fc(yi1 | yi1 + yi2;ψ)fm(yi1 + yi2;ψ, λi)

Lc(ψ) =
∏

fc(yi1 | yi1 + yi2;ψ)STA 4508 October 23 2018 12



Linear exponential families

• conditional density free of nuisance parameter
• f (yi;ψ, λ) = exp{ψTs(yi) + λTt(yi)− k(ψ, λ)}h(yi)
• f (y;ψ, λ) = exp{ψTΣs(yi) + λTΣt(yi)− nk(ψ, λ)}Πh(yi)

Let s = Σs(yi), t = Σt(yi)
• f (s, t;ψ, λ) = exp{ψTs+ λTt− nk(ψ, λ)}h̃(s)

f (s | t;ψ) =
f (s, t;ψ, λ)∫
f (s, t;ψ, λ)ds

=
exp{ψTs+ λTt− nk(ψ, λ)}h̃(s)∫
exp{ψTs+ λTt− nk(ψ, λ)}h̃(s)ds

=
exp{ψTs}h̃(s)∫
exp{ψTs}h̃(s)ds

= exp{ψTs− nk̃t(ψ)}h̃t(s)

k̃t, h̃t just convenient notation for integral of denominator
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Logistic regression

• yi ∼ Binom(mi,pi), i = 1, . . . ,n

• log{pi/(1− pi)} = xT

i β

• f (y;β) = exp{β1Σ(xi1yi) + · · ·+ βpΣ(xipyi)− Σmi log(1+ exTi β)}

• fc(s5 | s−(5);β5) ∝ exp{β5s5 − k̃(β5)}h(s)
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... Logistic regression

fc(s5 | s−(5);β5) ∝ exp{β5s5 − k̃(β5)}h(s)STA 4508 October 23 2018 15







Marginal and conditional likelihoods

Lc(ψ) = log fc{s(y) | t(y);ψ},
Lm(ψ) = log fm{s(y);ψ}

• Inference based on usual asymptotics applies, under regularity
conditions on f (y;ψ, λ)

• likelihoods based on observable random variables
• Bartlett identities apply directly
• use conditional or marginal Fisher information, etc.

• might lose information in other component
f(y;ψ, λ) ∝ fm(s;ψ)fc(t | s;ψ, λ)

• marginal likelihoods associated with transformation models
REML
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Approximate conditional inference

• `c(ψ)
.

= `p(ψ)− 1
2 log |jλλ(ψ, λ̂ψ)| iψλ(θ) = 0

• `m(ψ)
.

= `p(ψ)− 1
2 log |jλλ(ψ, λ̂ψ)|

• `c(ψ)
.

= `p(ψ) +
1
2 log |jηη(ψ, η̂ψ)| exp{ψTs+ ηTt− c(ψ, η)}

• adjusted pro�le log-likelihood

`A(ψ) = `p(ψ) + A(ψ)

A(ψ) assumed to be Op(1)

• generic form is AFR(ψ) = +
1
2 log |jλλ(ψ, λ̂ψ)| − log |d(λ)

dλ̂ψ
| Fraser 03

• closely related ABN(ψ) = − 12 log |jλλ(ψ, λ̂ψ)|+ log | dλ̂
dλ̂ψ
| SM §12.4.1

BN 83
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