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Various ‘types’ of likelihood

1. likelihood, marginal and conditional likelihood, profile likelihood, adjusted profile

2. semi-parametric likelihood, partial likelihood

3. quasi-likelihood, composite likelihood misspecified models

4. empirical likelihood, penalized likelihood

5. simulated likelihood, indirect inference

6. bootstrap likelihood, h-likelihood, weighted likelihood, pseudo-likelihood, local
likelihood, sieve likelihood
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Presentations

Feb 9 Shiki: Solomon and Cox (1992)

Feb 16 Angela:
Robert: Barndorff-Nielsen and Cox (1979)

Feb 23 Hengchao:
Siyue: De Stavola and Cox (2008)
Manuel: Battey and Cox (2018)
Ziang: Cox (1975)

Feb 9 and Feb 16 in SS 2120;
Feb 23 online
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Recap: nuisance parameters

profile, marginal, conditional, saddlepoint, Laplace
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Recap: nuisance parameters

profile, marginal, conditional, saddlepoint, Laplace
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... Nuisance parameters

• partition score vector: U(θ) =
!
Uψ(θ)

Uλ(θ)

"
; 1√

nUψ(θ)
d→ Nq{0, i1ψψ(θ)}

• partition information matrix: i1(θ) =
!
i1ψψ i1ψλ

i1λψ i1λλ

"
i−11 (θ) =

!
iψψ
1 iψλ

1
iλψ1 iλλ1

"

iψψ = (iψψ − iψλi−1λλiλψ)−1

√
n(ψ̂ − ψ)

.
=

1√
n (i

ψψ
1 )−1(Uψ − iψλi−1λλUλ)

√
n(ψ̂ − ψ)

d→ Nq{0, iψψ
1 (θ)}

2{ℓp(ψ̂)− ℓp(ψ)}
.
= (ψ̂ − ψ)Tiψψ(ψ̂ − ψ) 2{ℓp(ψ̂)− ℓp(ψ)}

d→ χ2q

√
n(θ̂ − θ)

.
=

1√
n i

−1
1 (θ)U(θ) column vectors
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Linear exponential families

• conditional density free of nuisance parameter
• f (yi;ψ,λ) = exp{ψTs(yi) + λTt(yi)− k(ψ,λ)}h(yi)
• f (y;ψ,λ) = exp{ψTΣs(yi) + λTΣt(yi)− nk(ψ,λ)}Πh(yi)

Let s = Σs(yi), t = Σt(yi)
• f (s, t;ψ,λ) = exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)

f (s | t;ψ) =
f (s, t;ψ,λ)#
f (s, t;ψ,λ)ds

=
exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)

#
exp{ψTs+ λTt− nk(ψ,λ)}h̃(s)ds

=
exp{ψTs}h̃(s)

#
exp{ψTs}h̃(s)ds

= exp{ψTs− nk̃t(ψ)}h̃t(s)

k̃t, h̃t just convenient notation for integral of denominator
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Approximate conditional and marginal inference

• ℓc(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)| iψλ(θ) = 0

• ℓm(ψ)
.
= ℓp(ψ)−

1
2 log |jλλ(ψ, λ̂ψ)|

• ℓc(ψ)
.
= ℓp(ψ) +

1
2 log |jηη(ψ, η̂ψ)| exp{ψTs+ ηTt− c(ψ, η)}

• adjusted profile log-likelihood

ℓA(ψ) = ℓp(ψ) + A(ψ)

A(ψ) assumed to be Op(1)

• generic form is AFR(ψ) = +
1
2 log |jλλ(ψ, λ̂ψ)|− log |d(λ)

dλ̂ψ

| Fraser 03

• closely related ABN(ψ) = − 12 log |jλλ(ψ, λ̂ψ)|+ log | dλ̂
dλ̂ψ

| SM §12.4.1
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Semi-parametric models

• Recall: y1, . . . , yn jumps of a Poisson process

• rate function λ(·) observed on (0, τ)
• events at 0 < y1 < · · · < yn < τ SM §6.5.1
• likelihood function

L{λ(·); y} =

$ n%

i=1

λ(yi)
&
exp{−

' τ

0
λ(u)du}

• log-likelihood function

ℓ{λ(·); y} =
n(

i=1

log λ(yi)−
' τ

0
λ(u)du

• in space:

ℓ{λ(·); y} =
n(

i=1

log λ(yi)−
'

S
λ(u)du

y1, . . . , yn ⊂ S
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  rpoispp(100)   rpoispp(lamb, 100, a = 1)

  rpoispp(lamb, 100, a = 3)   rpoispp(lamb, 100, a = 5)

λ(y1, y2) = 100 exp(−ay1)



Survival data

• Example: Survival data (yi,di), i = 1, . . . ,n

• yi = min(y0j , ci) y0i ∼ F(·; θ); ci ∼ G; y0i independent of ci

• di = 1{yi = y0i } uncensored observation

• f (yi,di; θ) = [f (yi; θ){1− G(yi)}]di [{1− F(yi; θ)}g(yi)]1−di

joint density

ℓ(θ)=
n(

i=1

[di log f (yi; θ) + (1− di) log{1− F(yi; θ)}]

+ terms depending on G

=
(

{di log λ(yi; θ)− Λ(yi; θ)}

Λ(y; θ) = − log{1− F(y; θ)}; λ(y; θ) = f (y; θ)/{1− F(y; θ)}
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Survival data
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Proportional hazards regression

• semi-parametric model: λ(y; x,β) = λ(y) exp(xTβ)

• log-likelihood function

ℓ(β,λ; y,d) =
n(

i=1

di log{λ(yi; xi,β)}− Λ(yi; xi,β)

=
n(

i=1

[di{xT

i β + log λ(yi)}− Λ(yi) exp(xT

i β)]

• partial log-likelihood function

ℓpart(β; y,d) =
n(

i=1

di{xT

i β − log
(

j∈Ri

exp(xT

j β)}

• y1 < · · · < yn; Ri = { j; yj ≥ yi}

STA 4508 February 2 2022 14



... PH regression

ℓpart(β; y,d) =
n(

i=1

di{xT

i β − log
(

j∈Ri

exp(xT

j β)}

=
n(

i=1

di{xT

i β − log Ai(β)}

∂ℓpart(β)

∂β
=

n(

i=1

di
)
xi −

A′i(β)
Ai(β)

*

−∂2ℓpart(β)

∂β∂βT
=

n(

i=1

di
)A′′i (β)
Ai(β)

−
A′i(β)A

′
i(β)

T

Ai(β)2

*

notation is a bit careless
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... PH regression

• partial log-likelihood function

ℓpart(β; y,d) =
n(

i=1

di{xT

i β − log
(

j∈Ri

exp(xT

i β)}

• can be motivated as:
1. marginal log-likelihood of the ranks of the failure times

2.
n!

i=1

Pr(unit i fails at yi | history to y−i ,one failure from Ri) CL

3. profile log-likelihood function

• for inference, ℓpart(β) has usual properties

1. β̂part
.∼ N{β, j−1

part(β̂)}, 2{ℓpart(β̂part)− ℓpart(β)} .∼ χ2d Davison §10.8; Cox 1972, 1975
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... semi-parametric models

• partial log-likelihood function

ℓpart(β; y,d) =
n(

i=1

di{xT

i β − log
(

j∈Ri

exp(xT

i β)}

• is also, 3. profile log-likelihood function if λ(·) is represented by a vector of values
(λ1, . . . ,λn) = {λ(y1), . . .λ(yn)}

• why does usual likelihood inference apply?

• can be connected to theory of empirical likelihood

Murphy & van der Waart, 2000; van der Waart 1998, Ch. 25
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Profile likelihood in semi-parametric models vdW Ch. 25.10

• ℓ(β,λ; y),β ∈ Rd;λ = λ(·)

• ℓp(β; y) = ℓ(β, λ̃β ; y); λ̃β = arg supλ ℓ(β,λ; y)

• example: failure times y with hazard λ(y | x) = exβλ(y)
PH model, no censoring

• f (yi; θ,λ) = exiβλ(yi) exp{−exiβΛ(yi)} Λ =
!
λ

• empirical likelihood:

EL(β,Λ; y) =
n%

i=1

exiβΛ{yi} exp{−exiβΛ(yi)}

• maximizing value of Λ(·) must have jumps at yi only — replace Λ(yi) by sum
SM §10.8 “it suffices to estimate the baseline cum. haz. fn by a step function Σj:yj≥yλj”STA 4508 February 2 2022 18



... semi-parametric models

• empirical likelihood:

EL(β,Λ; y) =
n%

i=1

exiβΛ{ti} exp{−exiβΛ(ti)}

• Λ̂β{yi} =
+,

i:yj≥yi exp(xiβ)
-−1

• profile log-likelihood

Lp(β) =
n%

i=1

exiβ,
i:yj≥yi exp(xiβ)

• same as partial likelihood motivated by different arguments
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Example: missing covariate Murphy and vdW, 2000

• observation (D,W, Z); D and W are independent, given Z

• Pr(D = 0) = {1+ exp(γ + βez)}−1

• W ∼ N(α0 + α1z;σ2)
• Z ∼ g(·), non-parametric

• (dC,wC, zC) a ‘complete’ observation
• (dR,wR) has a missing covariate

• f (x; θ,g) = f (dC,wC | zC; θ)g(zC)
#
f (dR,wR | z; θ)g(z)dz

x = (dC,wC, zC, dR,wR)
θ = γ,β,α0,α1,σ2

EL(θ,g) = f (dC,wC | zC; θ)g{zC}
'
f (dR,wR | z)g(z)dz
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Profile likelihood Murphy and vdW, 2000

1.
√
n(θ̂ − θ0) =

1√
n ı̃

−1(θ0)Ũ(θ0) + op(1)

• Ũ(θ0) =
∂ℓ(θ,λ)

∂θ
− Projg

∂ℓ(θ,λ)

∂θ

• projection of ∂ℓθ onto the closed linear span
of the score functions for λ(·)

• ı̃(θ0) = var{Ũj(θ0)} Ũ =
"
Ũj; ı is O(1)

2. ℓp(θ̂) = ℓp(θ0) +
1
2n(θ̂ − θ0)

T ı̃(θ0)(θ̂ − θ0) + op(1)

3. for any random sequence θ̃n
p→ θ0, plus conditions on the model,

ℓp(θ̃n) = ℓp(θ0) + (θ̃n − θ0)
T

n#

j=1
Ũj(θ0)−

1
2
n(θ̃n − θ0)

T ı̃−1(θ0)(θ̃n − θ0)

+ op(
√
n||θ̃n − θ0||+ 1)2
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... inference

•

ℓp(θ̃n) = ℓp(θ0) + (θ̃n − θ0)
T

n#

j=1
Ũj(θ0)−

1
2
n(θ̃n − θ0)

T ı̃−1(θ0)(θ̃n − θ0)

+ op(
√
n||θ̃n − θ0||+ 1)2

• this result (3.) gives (1.) and (2.)
• as in parametric models, lead to

(θ̂ − θ0)
.∼ N{0, ı̃−1(θ0)}

• and likelihood ratio test
2{ℓp(θ̂)− ℓp(θ0)}

.∼ χ2d

• proof uses least favourable sub-models through the true model
• effectively turns infinite-dimensional parameter finite
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Proportional hazards model simplified

•

ℓ(β,λ(·); y,d) =
n(

i=1

[di{xiβ + log λ(yi)}− Λ(yi) exp(xiβ)]

• score function for β:

∂ℓ/∂β =
n(

i=1

{dixi − xiexiβΛ(yi)}

• score function for λ(·): in the ‘direction’ h(·)
n(

i=1

dih(yi)− exiβ
' yi

0
h(t)dΛ(t)

• we need to project ∂ℓ/∂β on the space spanned by the nuisance score functions

• result: "n
i=1 di

#
xi − M1

M0 (yi)
$
− exiβ

% yi
0

#
xi − M1

M0 (t)
$
dΛ(t)
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Semi-parametric models

• profile log-likelihood can (often) be defined using a least favorable
sub-model finite dimensional

• standard likelihood asymptotics apply for inference based on the profile log-likelihood

• in other examples, we see that profiling out large numbers of nuisance parameters can
lead to poor finite sample results

• ?does this happen in semi-parametric models?
• seems unlikely for proportional hazards regression

complete separation of the parameters?

• other examples in vdW & M include current status data, gamma frailty models, partially
missing data, ...
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Infinite-dimensional models

• recall that L(θ; y) ∝ f (y; θ)
f (y; θ) a density w.r. to dominating measure

• more abstract definition:
if a probability measure Q is absolutely continuous w.r. to a probability measure P, and both
possess densities w.r. to a measure µ, then the likelihood of Q w.r. to P is the Radon-Nikodym
derivative

dQ
dP =

q
p , a.e. P

• some semi-parametric models have a dominating measure, and a family of densities
• some can be handled by the notion of empirical likelihood
• some may use mixtures of these
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... infinite-dimensional models

• Definition: Given a measure P, and a sample (y1, . . . , yn), the empirical likelihood
function is

EL(P; y) =
n%

i=1

P({yi}),

where P{y} is the measure of the one-point set {y}

• Definition: Given a model P , a maximum likelihood estimator is the distribution .P that
maximizes the empirical likelihood over P

• may or may not exist

STA 4508 February 2 2022 26



Example: the empirical distribution vdW 25.68

• P is the set of all probability distributions on a measurable space {Y,A}
1-point sets are measurable

• suppose the observed values y1, . . . , yn are distinct
• {(P{y1}, . . . ,P({yn});P ∈ P} ⇐⇒

(p1, . . . ,pn),pi ≥ 0,Σpi = 1)

• empirical likelihood maximized at

(
1
n , . . . ,

1
n )

• empirical distribution function is the nonparametric MLE
Fn(·) = n−1Σ1(Yi ≤ ·)

• EL is not the same as
/
f (yi), even if P has a density f
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Compare Owen, Ch. 2

• for y ∈ R, define F(y) = Pr(Y ≤ y) and
F(y−) = Pr(Y < y)

• for y1, . . . , yn the nonparametric likelihood function is

L(F) =
n%

i=1

{F(yi)− F(y−i )},

• hence 0 if F is continuous

• Theorem 2.1 of Owen:
L(F) < L(Fn), Fn(y) =

1
nΣ1{yi ≤ y}

• there is a likelihood function on the space of distribution functions for which the
empirical c.d.f. is the maximum likelihood estimator why does this fail for densities?
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Aside: empirical likelihood Owen, Ch.2

• profile version of empirical likelihood

• R(θ) = sup

)
L(F)
L(Fn)

| F ∈ F , T(F) = θ

*
R a relative likelihood, hence npi

• example: T(F) =
#
xdF(x)

• R(θ) = max{
/n

i=1 npi |
,n

i=1 piyi = θ,pi ≥ 0,
,
pi = 1}

• For y1, . . . , yn i.i.d. F0, E(yi) = θ0, var(yi) < ∞,

•
−2 logR(θ0)

d→ χ21 , n→ ∞
Theorem 2.2 Owen

• p̂i =
1
n

1
{1+ α(yi − θ0)}

,
1
n

n(

i=1

yi − θ0
1+ α(yi − θ0)

= 0STA 4508 February 2 2022 29



Semi-parametric logistic regression VandW Ex.25.71

• Pr(Y = 1 | V,W) =
eθV+η(W)

1+ eθV+η(W)

• sample (Yi, Vi,Wi), i = 1, . . . ,n independent

•

L(θ, η; Y) ∝
n%

i=1

)
eθVi+η(Wi)

1+ eθVi+η(Wi)

*yi ) 1
1+ eθVi+η(Wi)

*1−yi

• η̃(wi) = ∞ when yi = 1, η̃(wi) = −∞ when yi = 0 gives

L(θ, η̃) → ∞

we can’t maximize it
• suggestion: penalized log-likelihood

log L(θ, η; Y)− α̂2n

'
{η(k)(w)}2dw

• needs separate analysis of properties
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Composite likelihood

• Vector observation: Y ∼ f (y; θ), Y ∈ Y ⊂ Rm, θ ∈ Rd

• Set of events: {Ak, k ∈ K}

• Composite Log-Likelihood: Lindsay, 1988

cℓ(θ; y) =
(

k∈K

wkℓk(θ; y)

• ℓk(θ; y) = log{f ({y ∈ Ak}; θ)} log-likelihood for an event
• {wk, k ∈ K} a set of weights

• also called:
• pseudo-likelihood (spatial modelling)
• quasi-likelihood (econometrics)
• limited information method (psychometrics)
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Examples of composite log-likelihood

,m
r=1 wr log f1(yr; θ)

,m
r=1

,
s>r wrs log f2(yr, ys; θ)

,m
r=1 wr log f (yr | y(−r); θ)

,m
r=1

,
s>r wrs log f (yr | ys; θ)

,m
r=1 wr log f (yr | yr−1; θ)

,m
r=1 wr log f (yr | ‘neighbours’ of yr; θ)

Independence

Pairwise

Conditional

All pairs conditional

Time series

Spatial

Small blocks of observations; pairwise differences; ...
your favourite combination...
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Derived quantities

single response y with density f (y; θ), y ∈ Rm, θ ∈ Rd

composite log-likelihood cℓ(θ; y) = log cL(θ; y) =
,

k wkℓk(θ; y)

composite score function UCL(θ) = ∂cℓ(θ; y)/∂θ

sensitivity H(θ) = Eθ{−∂2cℓ(θ; y)/∂θ∂θT}

variability J(θ) = Eθ{UCL(θ)U(θ)T}

Godambe information G(θ) = H(θ)J−1(θ)H(θ)STA 4508 February 2 2022 33



... derived quantities

sample y = (y1, . . . , yn) with joint density f (y; θ), y ∈ Rm, θ ∈ Rd

score function UCL(θ) = ∂
∂θ cℓ(θ; y) =

,n
i=1

∂
∂θ cℓ(θ; yi)

maximum composite θ̂CL = θ̂CL(y) = arg supθ cℓ(θ; y)
likelihood estimate

score equation UCL(θ̂CL) = cℓ′(θ̂CL) = 0

composite LRT wCL(θ) = 2{cℓ(θ̂CL)− cℓ(θ)}

Godambe information G(θ) = Gn(θ) = Hn(θ)J−1n (θ)Hn(θ) = O(n)
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Inference

• Sample: Y1, . . . , Yn, i.i.d., CL(θ; y) =
/n

i=1 CL(θ; yi)

• θ̂CL − θ
.∼ N{0,G−1(θ)} Gn(θ) = H(θ)J(θ)−1H(θ)

• U(θ̂CL)
.
= U(θ) + (θ̂CL − θ)∂θU(θ) U = UCL

• θ̂CL − θ
.
= −∂θU(θ)−1U(θ)

.
= H−1(θ)U(θ)

• U(θ) .∼ N{0, J(θ)}

• H−1(θ)U(θ) .∼ N{0,H−1(θ)J(θ)H−T(θ)}
• conclude √

n(θ̂CL − θ)
.∼ N{0,G−1(θ)}
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... inference

• w(θ) = 2{cℓ(θ̂CL)− cℓ(θ)} .∼
,d

a=1 µaZ2a Za ∼ N(0, 1)

• µ1, . . . , µd eigenvalues of J(θ)H(θ)−1

•
cℓ(θ̂CL)− cℓ(θ) .

=
1
2 (θ̂CL − θ)T{−cℓ′′(θ̂CL)}(θ̂CL − θ)

• non-central χ2 limit

• J(θ) = varU(θ), H(θ) = −E∂θU(θ)

• if J(θ) = H(θ), w(θ) .∼ χ2d

• if d = 1, w(θ) .∼ µ1χ
2
1 = J(θ)H−1(θ)χ21 H, J both scalars
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Example: symmetric normal

• Yi ∼ N(0,R), var(Yir) = 1, corr (Yir, Yis) = ρ

• compound bivariate normal densities to form pairwise likelihood

cℓ(ρ; y1, . . . , yn) = −nm(m− 1)
4 log(1− ρ2)− m− 1+ ρ

2(1− ρ2)
SSw

− (m− 1)(1− ρ)

2(1− ρ2)

SSb
m

SSw =
n(

i=1

m(

s=1
(yis − ȳi.)2, SSb =

n(

i=1

y2i.

ℓ(ρ; y1, . . . , yn) = −n(m− 1)
2 log(1− ρ)− n

2 log{1+ (m− 1)ρ}

− 1
2(1− ρ)

SSw − 1
2{1+ (m− 1)ρ}

SSb
m

STA 4508 February 2 2022 37



... symmetric normal

• a. var(ρ̂) = 2
nm(m− 1)

{1+ (m− 1)ρ}2(1− ρ)2

1+ (m− 1)ρ2

• a. var(ρ̂CL) =
2

nm(m− 1)
(1− ρ)2c(m, ρ)

(1+ ρ2)2

• c(m, ρ) = (1− ρ)2(3ρ2 + 1) +mρ(−3ρ3 + 8ρ2 − 3ρ+ 2) +m2ρ2(1− ρ)2

a.var(ρ̂CL) =
2

nm(m− 1)
(1− ρ)2

(1+ ρ2)2
c(m, ρ)

O( 1n ) O(1)
n −→ ∞ m −→ ∞
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... symmetric normal

a.var(ρ̂ )
a.var(ρ̂CL )

, m = 3, 5, 8, 10

(Cox & Reid, 2004)
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