probability measure under which a stochastic process is a martingale is called
a martingale measure. In the following, we show how to find a martingale
measure for a geometric random walk and extend the method to a more
general case in the context of finance.

Let {S(¢)} be the price of a stock and assume that {S(t)} follows a
geometric random walk with drift 4 and volatility o. Thus, S(t) = S(0)eX®,
where X (t) =Y1+Yo+---+Y, and Yy, = 1,2, - -, are iid binomial random
variables with

1

The values of h; and hy are given in (3.11). Further let 7 be the interest rate
for each time interval [t,¢ + 1]. Thus, V(t) = (1 + r)7*S(t) represents the
present value of the stock price process. If r =0, V(t) = S(¢), a geometric
random walk. We now illustrate how to change the probability measure to
a martingale measure ) under which the present value process V() is a

martingale. Suppose that under @)
PQ{Y;:hl}:qa PQ{th:_hZ}:]-_qa

where Pg(-) denotes probability under the martingale measure (). Then,
from (3.49), {V(¢)} is a martingale if

Eo{V(t+1)/V({H) V(1)) =1,

where Eg denotes the expectation under the martingale measure (). Since

V(t+1)/V(t) = (1+r)~te¥+1, the equation above implies

ug+d(l—q)=1+r, (3.53)
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where u = e and d = e 2. Solving (3.53), we obtain

_1+r—d
== _a

Note that (3.5) is the same as the risk neutral probability for the one-period
model using a delta hedging strategy. This martingale measure is often called
the risk neutral measure for the binomial model in option pricing and the
time-0 price of a European option with payoff C(T"), maturing at time 7, is
expressed as

o = Eo{(1+r)"C(T)}. (3.54)

Consider now a more general case where Y;, t = 1,2, ---, are independent
but arbitrary random variables.
Assume that the moment generating function My, (z) of Y; exists for all

t. Define, for any real value o,
Q(t) = e /My, (au).
Then, Q(t),t =1,2,---, are independent, and E{Q(t)} = 1. Further define
2(t) = Q)Q) - Q). (3.55)
{Z(t)} is a strictly positive martingale under the old measure since
E{Z(t+1)/2(1)|Z(t)} = E{Q(t+ 1)} = 1.
Now for any event A at time ¢, define the probability of A as

Po(A) = E{I4Z(t)}. (3.56)

123



