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Abstract

In this article, Stein-Haff identity is established for a singular Wishart distribu-
tion with a positive definite mean matrix but with the dimension larger than the
degrees of freedom. This identity is then used to obtain estimators of the preci-
sion matrix improving on the estimator based on the Moore-Penrose inverse of the
Wishart matrix under the Efron-Morris loss function and its variants. Ridge-type
empirical Bayes estimators of the precision matrix are also given and their domi-
nance properties over the usual one are shown using this identity. Finally, these pre-
cision estimators are used in a quadratic discriminant rule, and it is shown through
simulation that the use of the ridge-type empirical Bayes estimators provides higher
correct classification rates.

Key words and phrases: Covariance matrix, discriminant analysis, dominance prop-
erty, Efron-Morris loss function, empirical Bayes procedure, multivariate classification,
precision matrix, singular Wishart, Stein-Haff identity.

1 Introduction

The estimation of the precision matrix, namely the inverse of the covariance matrix 33,
of a multivariate normal distribution has been an important issue in practical situations
as well as from theoretical aspects, and when the dimension p is smaller than the number
of observations n, Efron and Morris (1976) considered this problem. But, when p > n,
the Wishart matrix is singular, and thus many estimators can be constructed by using a
generalized inverse of the sample covariance matrix. However, Srivastava (2004) proposed
the unique Moore-Penrose inverse of the sample covariance matrix as it uses the sufficient
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statistic for 3. In this paper, we obtain several estimators theoretically improving on the
Moore-Penrose inverse estimator of the precision matrix, some of which are shown to be
very useful in discriminant analysis.

To specify the problem considered here, let @;,... ,xy be independently and identi-
cally distributed (i.i.d.) as multivariate normal with mean vector g and a p X p positive
definite matrix ¥ denoted as N,(pu, X), 3 > 0. Let

N
E:Nilzwi, n:N—l
=1

and
N
W = Z(mz —Z)(x; — )
i=1
Then
W=YY"

where Y = (yy,...,Y,), Y1, - - , Y, arei.id. N,(0,X), and W has a Wishart distribution
with mean n¥ and degrees of freedom n, denoted as W,(3,n). When n < p, it is called a
singular Wishart distribution, whose distribution has been recently studied by Srivastava
(2003). In many inference procedures, an estimate of the precision matrix X' is required.
Srivastava (2004) used nW ™, where W™ is the Moore-Penrose inverse of W. We shall
consider a generalized version of this estimator for estimating the precision matrix. It is
given by
0, =aW™

for a constant a. The main aim of this paper is to develop estimators of ™! improving
on the usual one §, in term of risk in a decision-theoretic framework. To evaluate the risk
of é,, however, we cannot employ the Stein loss function Lg(d,X) = tr 6% —log [6%| —p
for estimator &, because of the singularity of W. Alternative loss functions are of the
forms

Lip(6,2) =tr (6 =7 Y)*W* for k=0,1,2,

where the L;-loss was used by Efron and Morris (1976), and the L;- and Ly-losses were
used by Haff (1979b). However, all the estimators that we obtain in Section 2 under the
losses Ly and L; dominating the estimator nW ™, require not only that p > n but that
n = 0(p°), 0 < e < 1. In practical applications this is a severe restriction. On the other
hand, no such restriction on n and p are required under the loss function L,. Thus, for
obtaining a ridge type empirical Bayes estimator of the precision matrix ¥, we consider
only L, loss function.

To develop analytical dominance properties of estimators, we need to derive the so-
called Stein-Haff identity in the singular Wishart distribution. The Stein-Haff identity
was derived by Stein (1977) and Haff (1979a) for the full rank Wishart distribution. A
similar identity for the elliptically contoured model has been given by Kubokawa and
Srivastava (1999). It has been well known that the Stein-Haff identity is a very powerful
tool to develop significant dominance results. In the Appendix, we derive the Stein-Haff



identity in the singular Wishart distribution, which is equally powerful. With the help of
this identity, we obtain in Section 2 several estimators dominating &, under the three loss
functions Ly, Ly and L,. In Section 3, the empirical Bayes approach to the estimation of
the precision matrix is given to provide ridge-type stable procedures dominating d, under
the loss function Ls.

It may be of great interest to investigate how much useful the improved estimators of
the precision matrix are in practical multivariate inference procedures. While its applica-
tion in tests and confidence intervals for mean vectors are currently under investigation,
we in this article consider an equally important problem of classifying an observation
vector into one of two groups with unequal covariance matrices. Through simulations
we show that our emperical Bayes procedures using nonsingular ridge type estimators
for the precision matrices provide significantly higher correct classification rates for the
quadratic classification rules; these rates are very close to the rates obtained when all the
parameters are known.

2 Estimation of the precision matrix

For estimating the precision matrix in the case of p > n, in this paper, we consider
orthogonally equivariant estimators of the general form

8(®) = H,®()H!, (2.1)
B(6) = diag (61(£), .., 6.(6))

Instead of the function ®(£), we often use the function ¥ = W¥(£) = diag (¢1(€), ... ,¥n(£))
for

U(L) =LP(2),
0i(8) =l;0:(0), i=1,...,n.

To evaluate the estimators, we use the following three loss functions

Lo(8,%) =tr (6 — X71)?, (2.2)
Li(6,%) =tr (6§ — 71)*W,
Ly(6,%) =tr (6 — =7 1)*W?,

which are here called the Ly-loss, the Li-loss and the Ls-loss functions. The risk function
of estimator § relative to the Ly-loss is written by Ry(3,8) = E[L(d,%)] for k = 0,
1 and 2. Dominance results in terms of the risks are given below for the L;, Ly and
Loy loss functions, but all the proofs are given in the Appendix. It is specially noted
that the Stein-Haff identity (A.1) in the singular Wishart distribution is quite useful for
establishing the dominance properties and the derivation of the indentity is also given in
the Appendix.



2.1 Dominance results relative to the L;-loss

We first handle the Li-loss, for it is the most tractable of the three. The risk function of
0(®) under the loss L;(d,X) is expressed as

Ri(Z,6(®)) = E [tr {6(®) W —2tr ()W E""| + ntr =" (2.5)

Then the Stein-Haff identity given by Lemma A.1 is applied to rewrite E[tr §(®)W ']
as

E[tr6(@)Wx™'| =E [tr Hi®LH{X ] (2.6)

B Uiy — U
:ZE (p—n— )¢z+2 f@ +22 i_g%l.

i=1
Combining (2.5) and (2.6), we get the following expression of the risk function.

Proposition 2.1 Assume that p > n+ 1. The risk function of the orthogonally equivari-
ant estimator 6 (®) relative to the Ly-loss (2.3) is expressed by

Ri(Z,6(®)) — ntr 27!
' Lidi e¢ A(Lis)
= E|Lig; —2(p—n—1)¢ —42 14 3. ]

=1 L >t

& L[ —2p—n— 1) Gi— ;O
=) F ‘; _42 zi—ejj_‘la@]'

7>t

In this article, we consider estimators of the kind a H,L™"HY, a > 0. From Propo-
sition 2.1, this estimator has the risk {a> — 2(p — n — 1)a}E[tr L™'] + ntr 7', which is
minimized at a = p —n — 1. Hence, the estimator with the best multiple is

51:G1H1L_1H§, aq :p—n—l

with the risk Ry(X%,d;) = —a?E[tr L] + ntr ©~'. Although it is not possible to get
an unbiased estimator of the risk R;(3,8(®)) in the case of p > n, we can provide an
unbiased estimator of the risk difference R1(3, §(®)) — R (3, d1), which gives a sufficient
condition for improving on the estimator d;.

Proposition 2.2 The estimator 6(®) dominates 8, relative to the Li-loss (2.3) if 1;(€) s
satisfy the inequality

2 nooo

¢] wz ay

R R _ < _ 'S
Z{gl 21 4Zg_g 3gi = i:1gi’

i=1

forp>n—+1, and ; = {;¢;.

The following proposition is very useful for developing improved estimators.
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Proposition 2.3 Assume that ¥(£) = diag (¢1(£), ... , ¥, (€)) satisfies the following con-
ditions for p > n + 1:

(a) Ov;(£)/00; >0 fori=1,... n.

(b) 1(8) > - > n(€) =p—n — 1.

(c) n+p—2i—12> (L) for each i.
Then the estimator §(L™'W) = H L "W (£)H" dominates the estimator &, relative to
the Ly-loss (2.3).

Proposition 2.3 directly provides an example of the Stein type estimator given by

0° =H,DL'H!, (2.7)
D =diag (dy, ... ,d,),
di=n+p—2i—1 for 1=1,... n.

This corresponds to the case of ¢; = d; or 1; = ¢;d;, and the dominance property follows
from Proposition 2.3.

Proposition 2.4 The Stein type estimator 8° dominates 8, under the Ly-loss.

The Stein type estimator 8° can be further improved on by the estimator

815(g) = 8% + ti (‘?/Ip, (2.8)

where g(£) is an absolutely continuous function. This dominance property follows from
Proposition 2.5.

Proposition 2.5 Assume that g(£) satisfies the conditions:
(a) dg(£)/0l; >0 fori=1,... n.
(b) 0 <g(£) <4(n—1).
Then the estimator 515(9) dominates the Stein type estimator 8° under the Ly-loss.

Putting g(£) = 2(n — 1) in (2.8) gives the improved estimator

2(n—1)

8 —=H,DL'H! + 22"~/
! 1t tr W

I, (2.9)

which we shall call the improved Stein type estimator. It is noted that §'° has a form
similar to the Efron-Morris type estimator given by

(n—1)(n+2)
tr W Iy

"M =(p—n—-1)H,L"H' + (2.10)

Using the same arguments as in the proof of Proposition 2.5 shows that 8% dominates
0, relative to the Li-loss, but it is not known if it dominates 8% or 6'°.

Proposition 2.3 allows us to produce a new type of improved estimator, given by

6" = Hdiag (61 (), ... , op(€)) HY, (2.11)



where for e =1,... ,n,

oF (L) = — and d;=n+p—2i—1
Here, \, = 0 and for i = 1,... ,n—1, )\, is a function of livq, ..., 0, defined sequentially
by

It is interesting to note that the estimator 0% is a ridge type because of nonnegativeness
of \;’s.

Proposition 2.6 The ridge type estimator 8% dominates &, under the Ly-loss.

2.2 Dominance results relative to the Lj-loss
The risk function of §(®) under the loss Lo(d, X) is expressed as
Ry(2,6(®)) = E [tr {6(®)}* —2tr6(®)S7'] + tr 22

Using the Stein-Haff identity given by Lemma A.1 for the term E[tr §(®)X '], we get the
following expression of the risk function.

Proposition 2.7 Assume that p > n+ 3. The risk function of the orthogonally equivari-
ant estimator 8 (®) relative to the Lg-loss (2.2) is expressed by

Ro(2,6(®)) —tr =2

Sl 0,06
:;E ¢?—2(p—n—1——42€ 7, " ae]

L Jj>i

" T —2p—n— 3 G — Loy 40,
= E ¢ —4
Zl 2 Z (6= 0) 4o

where ®(£) = LW (L) = diag (1 (€) /{1, ... ,¥n(£) /L) for vy = L.
From Proposition 2.7, the estimator of the form aH ;L™ "H" has the risk that

Ro(Z,aH L 'H!) —tr 72

={a*—2(p—n—3)a}E[tr L* +4GZZE 1/(€:¢;)] (2.13)

=1 j>1

={a®> —2(p—n —2)a}Eltr L] + 2aE|(tr L™")%,

since 2 L) >0 1/(Gily) = (tr L™')? — tr L™2. This expression shows that the best
constant a does not exist, but we suggest a reasonable choice of a given by

50:&0H1L_1H§, (zozp—n—?;.



As seen from (2.13), Ry(X,8¢) < Ro(Z,aH, L 'H') for any a > ag and any X, which
implies that d, dominates 8, as pointed out by Haff (1979b). An unbiased estimator of
the risk difference Ry(X,d(P)) — Ro(X, dp) can be provided and a sufficient condition for
improving on the estimator §; is given in the following.

Proposition 2.8 The estimator 6(®) dominates dg relative to the Ly-loss (2.2) if 1;(€) s

satisfy the inequality

- 77Z) - 2@077/)1 quz)z l; 77Z)j 4 a¢z a() 4&0
—4 <

Z{ Zﬁ =) 4o Zl CRPSyN)

=1 = 7>

forp>n+3.

Proposition 2.8 provides the condition for the estimator 6(®) to dominate d, in the
case of p > n. Some improved estimators proposed by Haff (1979b) and Dey (1987) for
n > p can hold dominance properties in the case p > n by interchanging n and p. Of
these, Dey (1987) proposed the use of estimators of the form

DE g e)
( ) 0 tr “72 ) ( )

where ¢(£€) is an absolutely continuous function. The following proposition provides con-
ditions for 7% (g) to dominate &;.

Proposition 2.9 Assume that g(£) satisfies the conditions:
(a) dg(£)/0l; >0 fori=1,... ,n
(b) 0 < g(£) <2(n—1)(n+4).
Then the estimator 5DE(g) dominates the Stein type estimator 6 under the Lg-loss.

Putting g(£) = (n — 1)(n 4+ 4) in (2.15) gives the improved estimator

(n—1)(n+4)

6PE = §
o+ tr W2

w, (2.15)

which we shall call the Dey type estimator.

Finally, we shall derive a Stein type estimator dominating d like Propositions 2.3 and
2.4. Let 7 = (n—1)/2 if n is odd and r = n/2 if n is even. Define constants d! by

df =max {ag + 2(n + 1 — 2i), ao}
=max{p+n—4i—1, p—n—3}

ptn—4i, ifi=1,...,m
Il p—n-—-3, ifi=r+1,...,n

and let D' = diag (d{, ..., dl). The resulting Stein type estimator is of the form
0t = H,D'L'H!.

The dominance property of 8°" over 8, follows from the following proposition.
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Proposition 2.10 Assume that ¥(£) = diag (¢1(£), ... ,¥,(€)) satisfies the following
conditions for p >n + 3:

(a) 0 (£)/00; >0 fori=1,... n.

(b) V1 (€) > -+ >, () =p—n—3 =ay.

(c) (leT =max{p+n—4i—1, p—n—-3}>¢; fori=1,... n
Then the estimator §(L™'W) = H L "W (£)H, given by (2.1), dominates the estimator
0o relative to the Ly-loss (2.3).

Proposition 2.10 provides not only the Stein type estimator 6°7, but also a ridge type
estimator for improving on dy. Define )\ZT sequentially by

i L e jdl, fori=1,
Z 0, fore=r+1,...,n

The ridge type estimator is given by

6" = Hdiag (¢7"(¢),... , 61 (£)) H, (2.16)
where fort=1,... ,n,
Rt d}
£ —
¢; (€) = A

Then the same arguments as in the proof of Proposition 2.6 can be used to show that o
dominates d.

Proposition 2.11 The ridge type estimator 6" dominates 8y under the Lo-loss.

2.3 Dominance results relative to the Ls-loss
The risk function of §(®) under the loss Ly(d, X)) is expressed as
Ry(%,8(®)) = E [tr {6(®)}’W? = 2tr (@) W’S ™" + tr W?E?] .

Using the Stein-Haff identity given by Lemma A.1, we can derive an expression of the
risk function.

Proposition 2.12 Assume that p > n + 1. The risk function of the orthogonally equiv-
ariant estimator (®) relative to the Lo-loss (2.4) is expressed by

Ry(2,0(®)) — Eltr WS

iE V2 —2(p+n+1—2) 42 —46?;51

=1 7>

where ®(£) = L™'W (L) = diag (1 (€) /{1, ... ,¥n(£) /L) for vy = L.



From Proposition 2.12, the estimator of the form aH ;L' H' has the risk that n{a®—
2pa} + E[tr WX %], which is minimized at a = p. Hence, the estimator with the best
multiple is

0y =a,H,L'H}, ay=p

with the risk Ry(X,8,) = —np? + +E[tr W?X 2], Although it is not possible to get
an unbiased estimator of the risk Ry(32,d(®)) in the case of p > n, we can provide an
unbiased estimator of the risk difference Ry(3, §(®)) — Ra(3, d1), which gives a sufficient
condition for improving on the estimator d,.

Proposition 2.13 The estimator 8(®) dominates § relative to the Lo-loss (2.4) if 1;(£)’s
satisfy the inequality

n

O
Z{W—Q(p—l—n—i—l—mwz—i—p 42 g_g 6€}<0

=1

forp>n+1.

One candidate for improving on d, may be the Efron-Morris type estimator

£)

oM 5y + & I, 2.17
) =021 4y (2.17)
where g(€) is an absolutely continuous function. The following proposition provides the

conditions for 6“**(g) to dominate 8.

Proposition 2.14 Assume that g(€) satisfies the conditions:
(a) dg(£)/0l; >0 fori=1,... ,n
(b) 0 <g(£) <2(n—1).
Then the estimator §°*(g) dominates the estimator 8y under the La-loss.

Putting ¢g(£) = n — 1 in (2.18) gives the improved estimator

—1
5V = 5y + T,
2+trVV P

(2.18)
From Proposition 2.13, we can also get another condition for the estimator §(®) to
dominate d, in the case of p > n + 1.

Proposition 2.15 Assume that ¥(£) = diag (¢1(£), ... ,1¥,(€)) satisfies the following
conditions for p >n 4+ 1:

(a) OY;(£)/00; >0 fori=1,...,n

(b) ¥1(€) > -+ = 1 (£).

() Yo {w? —2(p +n+1 -2 +p*} <O0.
Then the estimator §(L™*W) = H,L "W (£)H' dominates the estimator 8, relative to
the Ly-loss (2.4).



Proposition 2.15 provides an example of the Stein type estimator given by

0% =H,D*L'H!,
D* =diag (dj, ... ,d,),
d; =p+n—2t+1 for i=1,...,n.

Proposition 2.16 The Stein type estimator §°* dominates 8§ under the Ly-loss.

In the above section, we have obtained estimators under the three loss functions Ly,
L, and L,. These estimators dominate the estimators of the kind aW™. However, all
the estimators obtained under Ly and L; loss functions involve a factor of p — n. This
in turn implies that n = O(pf), 0 < & < 1. Such a restriction, however, is not needed
under the loss function Ly. Thus, from now on, we will consider estimators only under the
loss function Ly. But even under the L, loss function, the estimator of the kind pW* is
not stable due to smallness of smaller eigenvalues. Thus, it would be desirable to obtain
ridge-type estimators of the precision matrix under the loss function Ls. This is obtained
in the next section using empirical Bayes methods.

3 Empirical Bayes estimator of the precision matrix

The estimators of the precision matrix 7" given in the previous section have the short-
coming of their singularity in the case of p > n. An approach to deriving nonsingular
estimators of X7 is to consider ridge type estimators of the form a(W + AI,)~! for
positive constants a and A. The important issue in the use of the ridge type estimators
is how to choose the ridge parameter A\. We here employ an empirical Bayes method for
giving estimators of A\ and show that the resulting ridge type empirical Bayes estimators
dominate the usual estimator pW ™ relative to the Lo-loss function.

3.1 Empirical Bayes procedures

In our Bayesian setup, we assume that X! has a Wishart distribution with mean rA~'T s
A >0, 7 > p, and degrees of freedom 7. That is, X' ~ W, (A1, r), A > 0, r > p, with
the density

1
77'(271) = C(p, r)|/\_1_[p|—7“/2‘2*1|(T—p—1)/26tr(_§)\271)
where etr (A) stands for the exponential of the trace of the matrix A and

r—ai+1
2

(p.r) = 20, (r/2)] T Tylr/2) = a0 T )

Since W is distributed as the singular Wishart distribution W, (%, n) for n < p, there exist
a random variable Y = (yq,...,y,) such that W = YY" and y,’s are i.i.d. N,(0,X),
¥ > 0. Then, the joint p.d.f. of y,,... ,y, given X! is given by

(2m)~ (P27 ety { 2717V YL
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Hence, the joint p.d.f. of Y and 37! is given by
c(p, 7)(2m) @2\ B (D ety {27 TN, + YY) )

From this joint density, it is seen that the posterior distribution of X! given Y is given
by W,((AI, +YY")"', n+r). Then, the Bayes estimator of 7' is written by

PN =EXZY]=n+r) M, + YY) (3.1)

Since A is unknown, it should be estimated from the marginal density of Y whose
density is given by

c(p,7) - _
—— L (2m) PN N, + Y Y (2
C(p’nw)(ﬂ) AL/ AL, + Y'Y

Making the transformation V' = Y'Y, we obtain its marginal density from Lemma 3.2.3
of Srivastava and Khatri (1979) as

—pn/2
c(p,r) 277 / )\_np/2|v|(p—n—1)/2 11, + )\—lv|—(n+7‘)/2
c(p;n+r)La(p/2)
c(p,r) 272
c(p,n+71)Tn(p/2)
with respect to the nonsingular matrix V. Note the expectations E[|[A\"'V|'/"], E[tr A"'V]

and E[tr \V '] are constants independent of A\. These suggest the use of the following
moment estimators as possible candidates of estimators of A:

|A—lv|(p—n—1)/2 |In + )\—lv|—(n+7‘)/2 )\—n(n—f—l)/Q

n

Ao =c|V['m = ([T )",

i=1
Ay =ctrV = Zﬁz, (3.2)
n

Zz 161_1’

for positive constant ¢ and the eigenvalues £ = (l1,...,4,) of V. Tt is noted that the
estimators Ag, A 4 and A p are based on the geometric, the arithmetic and the harmonic

A =c/tr V71 = (¢/n)

means of {1, ... ,,. Another type of estimator is provided by the solution of the equation
DY
» =g (3.3)
i=1 )\M + gz

for a constant c satisfying 0 < ¢ < n. This is analogous to the maximum likelihood
estimator in the marginal density.

An empirical Bayes estimator can be derived by substituting an estimator of the
hyperparameter into a Bayes estimator. When A is estimated by an estimator A = A\(£),
the empirical Bayes estimator of 7! is given by

—1

8B (3) = a (W n XI,,) , (3.4)
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where a is a positive constant suitably chosen. In the Bayes estimator (3.1), a is given
by a =n+r. For r = p—mn, ais as = p, which is the best multiple under the L,-loss
function. In the next subsection, we examine the dominance property of the estimator in
(3.4) under the loss function Ls.

3.2 Dominance property under Ls-loss

Now we shall investigate whether the empirical Bayes estimator 6°Z()\) given in (3.4)
dominate the estimator of the form 8, = aW ™ for W = H, L ' H" relative to the Lo-
loss (2.4). Using the Stein-Haff identity given by Lemma A.1, we derive in the following
proposition an unbiased estimator of the risk difference of the two estimators 67 (5\) and
d,, the proof of which is given in the Appendix.

Proposition 3.1 An unbiased estimator of the risk difference
As(a, ) = Ro(2,875(N)) — Ro(,8,)

relative to the Lo-loss is given by

~ . "\
As(a, N) =a —q(a+2
a(a, 3) ;&Hﬁ )

A LIS
- +2) _
z+)\ j:léj—i_/\

)
—2(a—p+n+1)+4—= }

A+ N) O (35)

As demonstrated in Section 2.3, it is noted that the best multiple a of estimators aW ™
is given by a = p relative to the Ls-loss. From Proposition 3.1, it is seen that the ridge
type empirical Bayes estimator

8”2 (X) = p(W + AIL,)™"!

dominates the estimator §, = pW ™ if the ridge function ) satisfies the inequality

~ ~ ~
n

"\ )\ )\ 2 2))
{(p+2 _ 42 __on+1)+4— Tl 3.6
DDy AU Si) D Sk LR oy v LD

j=1
Using the condition (3.6), we first obtain a condition on ¢ for the function A to satisfy
the inequality (3.6), where Ay, is the solution of the equation

n

S . (3.7)

i—1 S\M—i—gl N

Then from the implicit function theorem, we can see that the partial derivative O /oL,
is given by A ) )

Ol S0 6/ + d)?
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which is used to get that
Zﬁ?(aAM/%) X/ )
= Gt ha)? Sl )

A/ + )Y’
52 i/ (6 + Aur)?

=\ Z€+/\ Z€+A Z

From the inequality (3.6) and the equation ¢ = Y | At /(0 + M), we get a sufficient
condition given by

E—F)\M

My :

which can be satisfied for 0 < ¢ < 2(n —1)/p since ), X2, /(€ 4 App)? < 2 We thus get

the following dominance result.

Proposition 3.2 Assume that the constant c satisfies the inequality 0 < ¢ <2(n —1)/p.
Let A\yr be the unique solution of the equation (3.7). Then, the ridge type empirical Bayes
estimator

88 (Anr) = p(W + Ay I,) ™! (3.8)
dominates 89 = pW™ under the Lo-loss.

We next show that the function Ay = ¢/tr V™! = ¢/ S 67" satisfies the inequality
(3.6). It is noted that

RO Ry
XH 8& N C ’
j#i

Then from the condition (3.6), we can get a sufficient condition given by

(3.9)

2)— +2
(p+ )1—1— * nl—l—c

which can be satisfied for 0 < ¢ < 2(n —1)/p.

—2(n+1)

Proposition 3.3 Assume that the constant c satisfies the inequality 0 < ¢ < 2(n —1)/p.
Then, the ridge type empirical Bayes estimator 6EB(/\H) dominates 89 = pW ™ under the
Lo-loss.

From Propositions 3.2 and 3.3, it is seen that Ay and Ay are two superior estimators
of \ in the sense that the resulting ridge type empirical Bayes estimators §%7 (;\M) and
6EB (/\H) have smaller risks than &, relative to the Ls-loss. For the other estimators
A¢ and A4 given by (3.2), however, we could not show similar dominance properties
of the resulting empirical Bayes estimators under the Ls-loss. This may be due to the
unboundedness of the functions \g /l; and A /.
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4 Application to multivariate classification

Now we investigate how much useful the improved estimators of the precision matrix are
in the multivariate discriminant analysis. It should be noted that the use of the improved
precision estimators does not theoretically guarantee the improvement in reducing the
classification errors. Although the idea of using the improved precision estimators in the
discriminant rule is quite intuitive, it is worth inspecting through the simulation stud-
ies. The related problems have been studied by Friedman (1989), Loh (1997) and Zhao,
Honda and Konishi (1996) and others. Of these, Friedman (1989) handled the case of
the dimension p being much larger than the degrees of freedom n, and proposed regular-
ized discriminant rules where the ridge parameters are determined by the cross-validation
method. We here try to answer the query about whether the correct classification rates
can be improved or not by using the improved precision estimators derived in the previous
sections.

We treat the problem of classifying observations into two classes of the distributions:
m; - Np(py, 2;) for unknown p; and 3;, @ = 1,2. Fori = 1,2, let @,... ,x,, be a training
sample from 7;, and suppose that p, is estimated by the sample mean &; and that the
precision matrix X; ! is estimated by &; based on W, = > (xy =) (x5 — )" A new
observation @ is classified into 7y if

(.’L’ — El)tél(a: — 51) < (a: — fg)t(sg(.’l}' — Eg), (41)

and into my otherwise. The simulation experiment is planned as follows: 100 training sam-
ples are generated and each training sample constructs the above quadratic discriminant
rule, which classifies 200 new observations into the two classes of the distributions, where
100 observations are generated from m; and the other 100 from m,. Thus, the correct
classification rates are computed based on 100 x 200 total classifications.

As the estimators of the precision matrix 3! based on W, we use the following esti-
mators: the Srivastava type estimators nW* and pW ™, the improved Stein estimator §°°
given by (2.9), the Efron-Morris estimator 6% given by (2.10), the ridge-type empirical
Bayes estimators 652 (Ay), 672(\yy) given by (3.8) for ¢ = (n — 1)/2, and 67 (tr W /p)
and 6”7 (tr W /n), which are abbreviated by SRn, SRp, IS, EM, RH, RM, RAp and RAn.
All these estimators are used in the estimators §; and d, of the classification rule (4.1),
for example, the estimator nW™, SRn, gives the rule (z — z,)'n,W{(z — ) < (x —
To)!'noW 5 (£ —T,). In the simulation experiments, it is supposed that p; = pux(1,... 1)
for p =0.8, 1.0 and 1.5, pu, =0, 3y = I, and

3, =diag(o1,...,0,)(piy)diag (o1,... ,0p),
where o; = i/p for i = 1,...,p, and (p;;) is a p x p matrix with p;; = (k/6)=71/2 for
k=1,2,3,4 and 5.

Table 1 reports the correct classification rates when the estimators SRn, SRp, IS, EM,
RH, RM, RAp and RAn are used for p = 100, (ny,n2) = (5,5), (5,50) and (50,5), and
u = 0.8, 1.0 and 1.5, where TR means the correct classifications rates based on the true
rule

(= )" S0 (@ — ) < (2 — o) S5 (2 — py),
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Table 1: Correct Classification Rates by Simulation for p = 100, © = 0.8, 1.0 and 1.5, and
(n1,mn2) = (5,5), (5,50) and (50, 5).

k TR | SRn  SRp IS EM RH RM | RAp RAn
11 71.9]60.0 60.0|61.8 626 727 73.0| 77.7 7359
w=0812| 721|572 572|584 593 731 734| 802 T7.6
n=>5 13| 723|549 549|557 56.7 73.7 T740]| 829 793
ng=>5 14| 71.2 1526 526|531 540 739 T41]| 8.4 81.0
5| 70.1|51.2 512|516 523 743 T45| 895 838
1] 9721646 646|672 702 90.6 90.8| 93.5 92.7
p=101]2] 958|610 610|628 654 89.1 89.3| 934 92.1
ny = 31 938|577 5777|588 61.2 872 875| 93.1 91.0
ng = 41 904|545 545|552 571 8.2 854 | 933 90.7
5] 8.1 522 522|527 541 829 831]| 944 904
11100.0| 75.6 75.6 804 &7.6 100.0 100.0 | 100.0 100.0
pw=15|21]100.0| 705 705|748 819 99.7 99.7| 99.9 99.8
ny = 3 1100.0 | 65.5 655|688 753 993 993 | 998 99.6
ng = 41100.0 | 60.0 60.0 625 678 98.0 98.0| 99.5 99.0
51 998|557 557|572 61.0 957 95.7] 99.0 979
1] 974500 539|604 581 664 663 | 50.0 70.0
pw=1012] 958 50.0 582]66.8 64.1 67.0 67.0 50.0 715
n=>5 13| 9381500 657|766 737 685 685| 50.0 73.6
ng =250 14| 90.7 500 755|846 8.2 695 69.6| 50.0 76.2
5| 85.3]50.0 832]8.1 873 71.0 708 | 50.0 799
1] 974 50.0 50.0|50.0 50.0 99.1 99.3| 50.0 100.0
pw=1012] 9581 50.0 50.0|50.0 50.0 989 99.1 | 50.0 100.0
ny=>5013] 93.8]50.0 5001500 50.0 982 98.0| 50.0 100.0
ng=2>5 14| 90.71500 5001|500 500 972 97.7| 50.0 100.0
51 8.3 150.0 50.0]50.0 50.0 948 948 | 50.0 100.0
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Table 2: Correct Classification Rates by Simulation for p = 50, u = 1.5 and (ny,ns) =
(30, 30), (10, 10), (5,5), (10,30) and (30, 10).

TR | SRn  SRp IS EM RH RM| RAp RAn
100.0 | 83.3 83.3 | 86.7 95.7 98.1 98.2| 100.0 100.0
100.0 | 81.8 81.8 | 84.5 945 97.8 98.1 | 100.0 100.0

99.9 | 80.5 80.5|82.7 933 973 97.8|100.0 100.0

99.8 | 79.8 79.8 | 80.8 91.8 96.4 96.4 | 100.0 100.0

98.9 | 784 784|790 89.8 95.0 94.8|100.0 100.0
100.0 | 79.1 79.1 | 823 921 994 99.5| 999 999
100.0 | 74.3 743 | 774 885 989 99.0| 999 99.7
100.0 | 68.8 68.8 | 71.5 834 981 983 | 99.8 99.5

99.8 | 64.6 64.6|66.7 786 969 97.2| 99.7 99.2

98.9 | 61.1 61.1|628 742 954 954 | 998 99.0
100.0 | 76.5 76.5 | 81.8 88.7 99.1 99.1| 995 994
100.0 | 71.7 71.7 | 76.2 835 985 986 | 994 99.1
100.0 | 67.1 67.1 | 71.0 781 974 975 | 99.1 98.7

99.8 | 62.1 62.1 653 719 96.2 96.3| 988 979
98.7 | 57.9 579 160.3 65.6 93.0 93.3| 983 96.8
100.0 | 66.9 95.1 | 99.3 100.0 984 984 | 59.5 994
100.0 | 74.6 97.8 199.5 99.9 97.7 97.7| 654 989
100.0 | 81.3 98.6 | 98.7 994 969 97.0| 723 988
99.8 | 88.1 98.2|97.0 985 957 959 | 812 984
98.8 1935 96.2 932 958 93.6 93.3| 90.8 98.3
100.0 | 50.0 50.2 | 50.9  55.1 99.2 99.3 | 99.8 100.0
100.0 | 50.0 50.2 | 50.7  55.1 98.9 99.2 | 99.7 100.0
100.0 | 50.0 50.2 | 50.6  54.9 985 98.9| 98.9 100.0
99.8 | 50.0 50.3 | 50.7  55.5 98.0 98.1| 97.3 100.0
98.8 | 50.0 50.3{50.9 56.6 96.7 96.8 | 93.8 100.0

(121, m9)

n1:30
n2:30

n1:10
n2:30

n1:30
712:10

3
no
|
ot
QU W N O W RO W RO R WN O R WN =5
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which uses the true parameters instead of their estimators. Table 2 reports the correct
classification rates when the same estimators are used for p = 50, p = 1.5 and (nq,ny) =

(30, 30), (10, 10), (5,5), (10,30) and (30, 10).

Overview through the simulation results in Tables 1 and 2 reveals that the ridge-type
empirical Bayes estimators RH, RM and RAn provide significant improvements in the
correct classification rates for all the cases, and their rates are close to those of the true
classification rule TR. Although the other ridge-type estimator RAp, which uses tr W /p as
an estimator of A, provides good behaviors in the cases of equal sample sizes ny; = no, but
not good for sample sizes n; and ny extremely different. Use of the improved estimators IS
and EM gains relatively small improvements in the classification. The difference between
SRn and SRp appears in the fourth and the fifth part of the Table 1 and in the fourth
part of Table 2. Overall it appears that SRn is better than SRp in terms of the correct
classification rates for all the cases.

We conclude this section with giving comments for the interesting query about whether
the use of the improved precision estimator leads to the improvement in the correct
classification rates. It is noted that the estimator IS, EM, RH and RM dominate the
estimators of the form aW™, especially RH and RM beat SRp as estimators of the
precision matrix. Certainly, IS, EM, RH and RM outperform SRn and SRp for most
cases, but the improvements of IS and EM are much smaller than those of RH and
RM. On the other hand, the use of the ridge-type estimator RAn yields the substantial
improvements although the dominance property of RAn over SRp cannot be guaranteed.
Taking these observations into account, we can guess that the ridge-form in the precision
estimators significantly affects the improvement in the correct classification rates rather
than the dominance property of the precision estimators. In the use of the ridge-type
estimators, the estimator of the ridge-parameter X\ sensitively affects the behaviors of the
discriminant rules, and the estimators A H, Ay and tr W /m, which correspond to RH, RM
and RAn, are good choices in the quadratic discriminant rule. Among these three, RAn
is the simplest with performance comparable to RM.

A Appendix

We here give the proofs of the propositions in Sections 2 and 3. For this purpose, we first
develop the so-called Stein-Haff identity for the singular Wishart distribution.

A.1 Stein-Haff identity for the singular Wishart distribution

Let H; be a p x n matrix such that H{H, = I,,, that is, H; € H,,,, the Stiefel manifold,
and

W = H,LH',
where L = diag ({1, 0o, ... ,¢,), an n x n diagonal matrix, where ¢; > fo > --- > {, are
the n non-zero eigenvalues of the p x p matrix W of rank n. Let £ = (¢y,...,¢,). Then,

from Srivastava (2003, p.1549), the joint probability density function (p.d.f.) of £ and H,
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is given by

f(&, H., %) = c,(2)b(€) g, (HY) exp {—2""tr H{LH{X '},

where
:H {gﬁp—n—l)/Q H(& i 6])} 7
i=1 i<j
27"¢(n,n)
E p—
Cn( ) 271(271.)])71/2‘2’71/27
for

c(n,n) = 2"7" T (n/2) and T,(m/2) = x"—D/ ﬁf((m —i+1)/2).

Hence, the p.d.f. of £ is given by

FES) = en(2)b(8) / exp {—% > aii(Hl)@} gy (I )AH

Ha,

where A = (a;;) = H, X' H is an n X n matrix.

Next, we state a lemma stating the Stein-Haff identity for the singular Wishart matrix
W ; a similar identity for n > p has been obtained by Sheena (1995).

Lemma A.1 Let W have a singular Wishart distribution W,(X,n), ¥ > 0, n < p,
W = H,LH! and ®£) = diag (¢1(£), ... ,¢n(£)), where HH, = I,, and L is the
diagonal matrix with ordered non-zero eigenvalues of the matrix W . Then the following
tdentity holds:

i
l;

Eltr H®HZ ™| = zn: El(p—n—1)-"

+2—¢Z +22 (A1)

€—€

Proof. We follow Sheena (1995) in proving this identity. Let ¢y, = 0o, £,+1 = 0 and
dLg = H] i d/;, where the product term does not include the term df;y. Let L;) be the
set defined by

Liy = {, ol b, ) > o> Uy > My > - > 4, > 0},

Let [ = Eltr H1®H!X '] =" F[$;a;]. Then, I is expressed as
i—1 1 n
= Z/L / oib(£ [/ @i expi—g > amli}gnp(HY)AH, | d6dLg
(2) 7,+1 n,p k=1

d6:dL.

i—1 ) 1 n
_ / / o:b(0)-2 [ / epl—t S anle kg (L )AH,
zzl Ly it ot Hn,p 2;
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Using integration by parts, we rewrite [ as

1_22/

L)

i—1 a
/ {¢z }/ exp{—— E akkgkr}gnp )dHldEzdL(z)a
7,+1

which is equal to

2§E{() - {pib(£ }—QZE{%W@ -log b(£) | .

Since logb(£) = Y ,_ {27 (p —n — 1) logly, + >, _;log({y, — £;)}, it is noted that

dlogb(€) p—n— 1
ol t2

l; —ﬁ
JFi

which implies that

R ¢i 09 ¢
I_ZE (p—n 1)&”8&”2&—
i=1 jF#i
This proves Lemma A.1 since » ;" >0 ¢/ (b — ;) = 301, > s i(di — 85) /(i = (;).

A.2 Proofs of the propositions
Proof of Proposition 2.3. It is noted that

) b= )
e—z ez %JF_Z o1

Jj=i+1 Jj=i+1 v =i+l

1 Gi(Yi — ¢J)
_&{n—z Zw]} 7 Z =t (A.2)

j=i+1 Jj=t+1

Then, the Lh.s. of the inequality in Proposition 2.2 is expressed by

n

1 . —~ Oy
Zg—i{¢?—2<n+p—2z—1>wi+42¢j} 4ZZ”_€ —4) 50

i=1 j>t i=1 5>t i=1

which, from the conditions (a) and (b), can be seen to be less than or equal to

Z} {w3—2<n+p—21—1>¢i+42%}.

i=1 j>i

From the conditions (b) and (c), it is noted that n +p — 2i — 1 > 1); > ;11, so that
V2 —2(n+p—2i— 1) <¢? —2(n+p—2i—1)1);41. Repeating this argument, we see
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that

YP = 2n+p—2— i +4 )y

7>t
SRy 20t p— 2~ D + A 14 Y Y
j>it1
=7y —2q{n+p =20+ 1) = i +4 Y 9
j>it1
<<yl —2p—n— 1y =—(p—n—1) (A-3)

which implies that

n n —~ — :
Ze%{w?—zmw—%—lwi”zw}S_Z@%‘

i=1 j>i i=1
Hence, Proposition 2.3 is proved. [

Proof of Proposition 2.5. The risk difference of the two estimators §° and 6'°(g) is
written as

A =R(%,8(g)) — R(S, )
g(£)? 9(¢)
a2
L [9®? gD g W
_ELrWJr2 eWw S uw }

—tr E { (6% — El)W}

(A.4)

since tr 6°W = tr D. The Stein-Haff identity given in Lemma A.1 is used to evaluate
Elg()tr WX /tr W] as

90 [ gy
E [trHltr 7 LHIS

N Y[R (OB (L t; 9g(£) 9(&)
_ZE (p—n 1)trL—i_QtrL 2(trL)2+2trL ol; +2;trL

noor . g(0) g(£) g(&)¢; i Og(£)
:ZE _(p+n—22— 1)trL +2trL 2(trL) +2trL ot }

=F

g(£) ~ {; dg(8)
trDtrL+2( trLjL ZtrL ov; (A-5)

Combining (A.4) and (A.5) gives the expression

g9(£)* —4(n —1)g() —~ {; 9g(£)
tr W B 42 ] ’
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which leads to the conditions given in Proposition 2.5 for the domination of §'%(g) over
6°. =

Proof of Proposition 2.6. It is sufficient to check the conditions (a), (b) and (c) of
Proposition 2.3 for

dil;
U+ (didizr 4 20) /iy

Since /\Z+1 does not depend on ¢;, it is easy to see that ¥f is increasing in ¢;. For the
condition (b), we have that ¥® = d,, since An = 0. Also it is seen that the inequality
Y; > ;1 1s equivalent to the inequality

bt = Loy =

. l; 1 N 1 7
dit1 ( T n “) dit1 ( liv “)

Hence, the condition (b) follows from the definition of A; and the fact that ¢; /g > 1.
Finally, it is easily verified that ¢f < d; fori=1,... ,n. [ ]

Proof of Proposition 2.9. Since the estimator EDE(g) belongs to the class of the
estimators (2.1) as ¢ = ag + £?g(£)/tr L*, we can evaluate the condition in Proposition

2.8 as

~[ G g g (g 0:(9g/00;)

! —4(n —1 -8 +8— — 4= 8 <0,
; { (tr L*)2 (n Z)tr L* trL* (trL*)? tr L* } =

or

1 tidg
— {g —2(n—1)(n+4)g — 42 }go.
Hence, we get the conditions of Proposition 2.9 for the dominance of §”%(g) over §,.
Proof of Proposition 2.10. It is noted that

Oibi — by Z (i — ) + (G — L)y

 0li(6— ) M»(&- —
o J
E —E — (0
J>l j>i
1 (¢z 77Z)j) ¢j
62{71—2 Z%} KQZ E—ﬁ _‘ .gz‘éj’
J>i J>i G>i

where the equation (A.2) is used to get the third equation. Hence, the condition given in
Proposition 2.8 is expressed by

i{wf—zaowi—4(n—;2)wi+42j>iwj+a3 pay Vi

i=1 j>i

Gl — ) 40¢
e?z 0 — ¢ eae} 0 (4.6)
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From the condition (b), ¥; — ag is nonnegative, and we observe that

Z Z Qﬁj&_gja Z Z ¢J _ Z( )% 62

1 J>i 1 J>i 7

Using the conditions (a) and (b), we see that the inequality (A.6) holds if h;(£) < 0, where

hi(£) =7 — 2(ag + 2n — i) +4 Yy + ag + 4(i — 1)(¢h; — ag),

j>i
which can be rewritten by
hi(€) = (Vi — ag)® — 4(n — 20+ 1)(1h; — ap) + 4 Y (¥ — ap). (A7)
j>i
To prove the inequality h;(€) < 0, note that
2max{n — 2i + 1,0} >, —ag > V41 — ap > 0. (A.8)

Then, (A.8) implies that 1; — ap = 0 for i = r 4+ 1,... ,n, so that it is easy to see that
hi(€) <O0fori=r+1,...,n. Fori=1,...,r—1, from the inequalities in (A.8) and the
same arguments as in the proof of Proposition 2.3, it follows that

hi(€) <(Wis1 — ao)” = 4(n — 2+ 1) (a1 — ao) + 4(Wip1 — ag) +4 Y (15 — ap)
7>i+1
=(i1 — a0)® = 4(n = 2(i + 1) + 1) (i1 — ao) — 4(ir1 — ag) +4 Y (¥ — ao)
J>i+1
<(Yir1 —ao)® —4(n —2(0 + 1) + 1) (Y1 —ag) + 4 Z — ap)
7>i+1

<< (heor —ag)? —4(n—2(r — 1) + 1) (W1 — ag) + 4(¢, — ag)
<(¢ — a0)2 —4(n = 2r + 1)(¢r — ag) — 4(¥r — ao),

which is not positive. Therefore we get Proposition 2.10. ]

Proof of Proposition 2.14. Since the estimator §%**(g) belongs to the class of the
estimators (2.1) as ¢» = p+{;g(€)/tr L, we can evaluate the condition in Proposition 2.13
as

- g’ lig lig
: 2 -2 —21+1
;{(trL)2+ PaL (ptn—2i+ >trL

. . 2 A
_4ZJ>Z ]9_4&9 4 ﬁlg _461 ag}go

tr L tr L (trL)? tr LoV,
or , ,
, tr L tr L "\ (; dg
-2 1 4 —4 0.
ey A UL T ZtrLae =
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Since tr L? < (tr L)?, we get the conditions given by Proposition 2.14 for §***(g) to
dominate &4 relative to the Ls-loss. [ ]

Proof of Proposition 3.1. We first consider the empirical Bayes estimator SEB(N) =
a(W + AI,)~! and the estimator

67 (\) =aH,(L+ \,)"'H!.

It is noted that both are p X p matricial estimators of 7', 87 () is singular while 875 ()
has the full rank p and is nonsingular. However, we will show that both estimators have
the same risk under the Ls-loss function (2.4). Let

H - (Hl,Hg)

where H is a p X (p — n) matrix belonging to H,_ ,, H\H, = I, . Thus, H is an
orthogonal matrix, and it is noted that
H'>"'H, H'Y>'H
t—1 gy 1 1 1 2
H=H = ( H)>'H, H.Y 'H, )
and (H'S™'H),; = H!X'H,. Then we observe that
< -2
L+M, 0 L* 0
EB 2v2 2 n t t
tr {6EB(N\)PW? = trH( 0 AL ) HH(O O)H
—d’tr (L + M,,)°L?
=tr {57 ()} W?,
and
. —1
A L* 0 L+, 0 -
2 SEB _ t n tr—1
tr W=, 7 (N2~ atrH( 0 O)HH ( 0 S\Ipn) H'Y
—atr L*(L + \I,)"'(H'S™'H)y,

—tr W2 ()=

Thus, the two estimators 6°Z()) and 87 () have the same risk under the Ly-loss.

We next apply Proposition 2.12 to get the unbiased estimator of the risk difference of
the estimators 8 ()\) and &, where v;(£) = al;/(¢; + A\(£)) in the estimator (2.1). Then,

we have
No(a,X) =Ra(2, 677 () — Ra(E, 84)

a’l? l; l;
_Z { —2(p+n—2i+1) T

) G+ h G+
. , _—
— 4az br (a* — 2pa) + PG, a{\/a&) },
i Y+ N) (0; + N\)?

23



which, since €;/(¢; + X) =1 — X/(; + \), can be rewritten as

~

ZE{G+4 )\A —2(a—p+n+1) R
(i + \)? l;+ A
) A 2(0N/0¢;
4y 440 /fm}.
G+ AN+ A (0; + N)?

j>i

Using the equation

5\ 2
{Zm} :Z(ﬁ + )2 ZZE AN

i J>1

we can get the expression (3.5) of the risk difference. |
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