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This paper introduces an approach to analyze nonhomogeneous Pois-
son processes (NHPP) observed with noise, focusing on previously unstud-
ied second-order characteristics of the noisy process. Utilizing a hierarchi-
cal Bayesian model with noisy data, we estimate hyperparameters govern-
ing a physically motivated NHPP intensity. Simulation studies demonstrate
the reliability of this methodology in accurately estimating hyperparameters.
Leveraging the posterior distribution, we then infer the probability of detect-
ing a certain number of events within a given radius, the k-contact distance.
We demonstrate our methodology with an application to observations of fast
radio bursts (FRBs) detected by the Canadian Hydrogen Intensity Mapping
Experiment’s FRB Project (CHIME/FRB). This approach allows us to iden-
tify repeating FRB sources by bounding or directly simulating the probabil-
ity of observing k physically independent sources within some radius in the
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detection domain, or the probability of coincidence (Pc). The new methodol-
ogy improves the repeater detection Pc in 86% of cases when applied to the
largest sample of previously classified observations, with a median improve-
ment factor (existing metric over Pc from our methodology) of ~ 3000.

1. Introduction.

1.1. Nonhomogeneous Poisson Point Processes. To learn about the nature of unknown
astrophysical phenomena, astrophysicists can search for connections between different
sources or across populations. A question of interest to astrophysicists is often: How do
we estimate the likelihood of two or more spatially coincident, but separated in time, events
being physically related when measurement uncertainty on event positions is non-negligible,
the probability of detection varies on the sky, and the data is noisy? These connections, in
particular spatial coincidences, can be ambiguous owing to instrumentation limitations, ob-
servational biases, and the sheer number of objects in the Universe. Such complicating factors
often lead to non-homogeneous spatial point processes that are observed with noise.

Considerable effort has gone into modelling noisy nonhomogeneous Poisson processes
(NHPPs; Van Lieshout, 2000), particularly in ecology. For example, Cucala (2008) presented
an edge-corrected deconvoluting kernel estimator for the intensity of noisy and nonhomoge-
neous spatial data and a bandwidth selection procedure for that kernel estimator. Chakraborty
and Gelfand (2010) also estimated the two dimensional intensity of an NHPP observed with
Gaussian noise. In their work, the authors derived the likelihood function for the intensity of
an NHPP observed with noise, also considering the effect of events which, due to the stochas-
tic error, are moved inside or outside of the observed domain and hence cause miss-estimation
of the intensity near these boundaries. While these approaches allow for descriptions of an
NHPP intensity function from noisy data, neither methods are used to make predictive infer-
ences about second order characteristics.

On the other hand, Lund, Penttinen and Rudemo (1999) and Bar-Hen et al. (2013) made in-
ferences based on observations from noisy NHPPs with numerically estimated second order
characteristics, (e.g., the nearest-neighbor function). In those works, however, the authors
were interested in recovering these second order characteristics for the underlying unob-
served homogeneous Poisson process from the noisy observations, and not those of the ob-
served noisy process itself. For astrophysicists that are interested in quantifying the probabil-
ity of observing spatially coincident and separate in time, but ultimately physically unrelated
noisy events, the unobserved NHPP is not the process of interest.

In this paper, we propose a hierarchical Bayesian model for noisy observations to estimate
an NHPP intensity function with the purpose of making predictive inference on the noisy
process. Existing statistical methodologies seek only to make inferences on the underlying or
true process given noisy observations of it. We first construct a hierarchical Bayesian model
of a parameterized Poisson intensity function that is motivated by the data-collecting instru-
ment (in our application, a telescope). We then use this intensity function to estimate the
probability of observing two or more (k > 2,k € N) events within a given observed radius
in the noisy NHPP assuming they are physically independent: the k-contact distance. This
probability is estimated both using direct simulation and a novel and analytic probability
bound we derive on the k-contact distance for the noisy NHPP. This then allows us to esti-
mate the probability that the & physically independent events are within some radius (in the
observation domain) of one another and, if sufficiently improbable, give evidence that two
or more events may more plausibly be caused by the same source, meaning the same astro-
physical body or system, as opposed to sources that sit nearby each other in the observation
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domain. While this methodology is geared towards astrophysical observations with signifi-
cant localization uncertainty, the common application of NHPPs to fields like ecology and
epidemiology suggests that the method may be beneficial for research in other disciplines,
for example, hotspot detection.

1.2. Motivating Application. Fast radio bursts (FRBs) are short, bright, extragalactic ra-
dio signals of unknown origin. Our motivation for the proposed methodology is to distinguish
clusters of physically unrelated but spatially coincident FRB sources from true repeating FRB
sources, which we describe next.

Many source models have been proposed for FRBs, often drawing connections to exotic
populations like neutron stars and black holes (e.g., Platts et al., 2019; Petroff, Hessels and
Lorimer, 2022; Zhang, 2022). While the majority of FRBs have been observed to happen
once, a minority are observed to repeat. That is, multiple bursts (signals) from one location in
the sky are observed, presumably from the same source (e.g. Spitler et al., 2016; CHIME/FRB
Collaboration, 2019a,b, 2023; Fonseca et al., 2020; Niu et al., 2022). The discovery of repeat-
ing sources, or repeaters, suggests that at least some of the extremely luminous bursts need
to be sourced from non-cataclysmic events where the source is not consumed as a result of
the production of the burst. There are still many proposed theories for this repetition, but
the non-cataclysmic nature of the events significantly narrows the number of possible source
models for these repeaters.

Astronomers have detected and published 790 distinct sources of FRBs on the sky, of
which 56 are known repeaters'. The most prolific repeaters have been observed to repeat
hundreds to thousands of times, while dozens have just two or three total observed bursts
(e.g. Lietal., 2021; CHIME/FRB Collaboration, 2023). While there is some evidence that
repeating FRBs are a distinct population from apparent non-repeating FRBs (Pleunis et al.,
2021), it is not known definitively whether there are two separate populations or if all FRBs
repeat (James, 2023; Kirsten et al., 2024).

Most FRB sources detected to date, repeating or otherwise, have been discovered by the
Canadian Hydrogen Intensity Mapping Experiment (CHIME). A traditional telescope will
point to a small patch of the sky and track that position over time. CHIME is a transit radio
telescope, meaning it has no moving parts and simply observes the sky passing overhead
(CHIME Collaboration, 2022). The CHIME telescope collects radio signal data (voltages)
this way and then uses digital signal processing to mimic multiple traditional telescopes by
generating ‘beams’ on the sky to search for FRB signals (CHIME/FRB Collaboration, 2018).

The stationary design of CHIME has observational benefits, like a large field-of-view and
daily monitoring of sources, as well as challenges, such as exposure that is uneven on the
sky. At the same time, CHIME has limited angular resolution, that is, ability to pinpoint
exactly where the sources are located on the sky. The FRB project of CHIME (CHIME/FRB)
observes FRBs with 99.7% localization (sky position) uncertainty regions that span, at best,
a few tens of square arcminutes®, or at worst a few square degrees. FRBs are found within
galaxies, and it is physically reasonable that multiple independent FRB sources could be
found in a localization region of this size since there are typically many galaxies (which

could host FRBs) within these regions .

1https://www.wis-tns.org/ accessed Sept 25th, 2024

2For a sense of scale, the full Moon subtends ~30 arcminutes, and one arcminute is, by definition, 1/60
degrees.

3The well-known Hubble Ultra Deep Field image, in which every non-spiky point of light is a galaxy (~
10,000 such galaxies), is of comparable size to CHIME/FRB’s smallest (best constrained) localization regions
(Beckwith et al., 2006).


https://www.wis-tns.org/

Symbol Description

Y point process of observed (noisy) positions
Y1,---,Y, Realization of observed positions, from random process Y
€; spatial perturbation vector due to measurement error
n Number of observed events
X Nonhomogeneous poisson process (true positions)

x1,...,on Realization of true positions, from random process X
A Intensity function of NHPP X
(7] Hyperparameter vector governing A
D Domain on which positions are defined
k Number of events in cluster
r Radius of the minimal bounding sphere the cluster of events
50 Center of minimal bounding sphere cluster of events
TABLE 1
Definitions of application-independent variables used throughout this text.

In summary, a CHIME/FRB detection does not provide the precise position of a source,
and as CHIME/FRB continues to detect more FRBs, the probability that two or more spa-
tially independent FRB sources have observed concordant positions becomes non-negligible.
Ongoing upgrades to the experiment will increase the localization precision for FRBs de-
tected by CHIME/FRB (Lanman et al., 2024). This increased localization precision usually
allows for probabilistic selection between potential host galaxies, using, e.g., the ‘Probabilis-
tic Association of Transients to their Hosts’ routine (PATH; Aggarwal et al., 2021), if not
direct unique identification. However, there are other poorly-localized transient events whose
potential association with FRBs would inform source models, such as gravitational wave
sources and gamma-ray bursts (e.g., Moroianu et al., 2023; Curtin et al., 2024).

Application of the methodology that we propose will allow observers to make a proba-
bilistic statement about the certainty of physical association between clusters of k bursts ob-
served with noise, i.e. potential repeaters, distinguishing them from independent sources that
share overlapping localization regions on the sky. If CHIME/FRB surveyed all points in the
Universe equally, making the probability of detecting FRBs spatially uniform, this process
could be modeled as a three dimensional, homogeneous Poisson point process. Instead, there
is uneven exposure and sensitivity in the intensity of FRB detections which is a non-trivial
combination of spherical geometry, the luminosity distribution of FRBs, and instrumental
effects.

The net effect is an NHPP FRB detection intensity that cannot be derived from first prin-
ciples and must instead be empirically estimated from noisy telescope detections. NHPP
processes are not only applicable to data from CHIME/FRB; NHPPs were first applied to
FRB detections by Lawrence et al. (2017), who used an NHPP to model the rate of FRBs.

The rest of this article is organized as follows: in Section 2, we specify a hierarchical model
for observed noisy event locations from an NHPP. In Section 3, we outline the inference on
the probability of observing k events within a given volume in the observation domain. In
Section 4, we apply this model to data from CHIME/FRB, and derive a parametrization for
CHIME/FRB’s intensity function on the sky. In Section 5, we describe the implementation
and the performance of a method based on Markov chain Monte Carlo (MCMC) sampling
for estimating the hyperparameters’ posterior distribution. In Section 6, we implement the
proposed methodology on our application. We also estimate, via direct simulation and an
analytic upper bound, the probability of coincidence (F) for each of CHIME/FRB’s cur-
rently published repeaters and compare the probabilities to the existing measure of cluster
significance used by CHIME/FRB Collaboration (2023).
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2. Hierarchical Model for NHPP Observed with Noise. Let X C D C R? be a nonho-
mogeneous Poisson point process (we are concerned specifically with d = 3 for our applica-
tion given the event positions are observed in three dimensions, but remain general for now)
with intensity function A(s;0) : D — [0, 00), that is,

(1) X ~ NHPP(A(s; 9)),

where A is parameterized by vector 6, and A(s; @) is defined for any event location s in the
bounded domain D of X. By the definition of a Poisson process and it’s intensity function,
we must have that (i) A(s, @) is a Borel measure, (ii) given any bounded Borel set B C D the
probability mass function for number of observed events in B, N (B), is Poisson distributed
with mean A(B; @), and (iii) for any j disjoint bounded Borel sets By, ..., B;, the random
variables N (B), ..., N(B;) are independent (Van Lieshout, 2000).

Following Chakraborty and Gelfand (2010), but under the simplifying assumption that
events can not jump into or out of the domain due to stochastic error in our model, we also
assume that no two events can share the same position, i.e., X is a simple point process or
A is atomless. This is a null assumption in our application. Given these properties, condi-
tional on the number of events n in D, the locations x1, ..., x, are independent draws from
A(s|0) = L A(s;0), where C € R is the constant which normalizes A(z;, 8) to a density over
D (Kottas and Sansd, 2007; Chakraborty and Gelfand, 2010). That is, the joint distribution
of nand X = {1, ...,®,}, conditional on 6 is:

) L(8|n;xy,...,x,) x e~ Jo A(S;e)ds—nizl A|(a:i; 9)
n!

The above follows from the conditional likelihood of 1, ..., &, o [[; A(x;|@) and probabil-
ity mass function for the number of observed events, n, being

3) F(n|A,0) = (Jp Als;0)ds)" exp(— /DA(S; e)ds).

n!

We derive the specific form of A for the CHIME/FRB experiment in Section 4, but this is
left general at this stage.

LetY ={y,,...,y, } be apoint process of n noisy event locations, which are a perturbed
set of the n true event locations from X:
4) Y; = + &,

where ¢; is a random vector in R? that describes the spatial perturbation due to measurement
error. We do not assume this is Gaussian, as in previous works, but instead leave the error
distribution general. The distribution of €; for our application is empirically estimated, and
the details are deferred to Section 4.4.
Our hierarchical model can thus be summarized as follows:
Stage I yi\mi,ei%lf(-)

Stage 11 mi|ni:5[ A(s,0)

Stage Il n|A ~ Pois (/ A(s, H)ds) .
D

A summary of the notation we use is given in Table 1. We can thus write the full likelihood
function of the above model as:
n

i=1

i=1

®) L(n;wl,...,aznw):;exp<—/DA(s,0)ds)

where f(y;|x;) is the p.d.f. in Stage I evaluated at y;.



3. Bounding the Probability of Coincidence for Noisy NHPPs. We want to quantify
the likelihood of observing k noisy event locations close together in our observation domain
assuming the model outlined in Section 2: that the events are conditionally independent, or
in our application, physically unrelated, in order to identify unlikely clusters.

We can use the posterior distribution of the model parameters to estimate the probability
of observing k conditionally independent events in some closed hypersphere b(sg,r) with
center sg and radius r. For XY defined as in Section 2, we want to compute

(6) P(di(s0,Y) <)

where dj(so, Y) denotes the distance from sq to the kth nearest point in Y. The observed
NHPP Y can only be expressed through the true NHPP X, and ultimately the probability of
observing k events within some observed radius will depend on the density of the bounding
radius of the unobserved true event positions. Thus the probability in Equation 6 cannot be
computed directly given the uncertainties in the true positions of the events (otherwise, with-
out noise, this probability could be computed directly using Equation 9, reproduced from
Berman 1977). Instead, we bound the probability from above using the first result of Propo-
sition 1, derived in Appendix A:

k— 1 i
(7 P(dk(s(), <7" / / { Z fB(so 7") )) «

=

exp <— /B(soj) A(S)ﬂ(d8)> }f ({82'}?:1) u(dé‘l) ... (deg)

where 7 = r + max{|e;| : 1 <i <k}, f({e;}X_,) is the joint p.d.f. of {&;}%_,. Written as the
bound of an integral, €; implies the support of ;, and p is the Lebesgue measure.

This bound assumes the most conservative case for a given observed radius r and k£ drawn
error displacements: that the largest of those £ errors reduced the true (unobserved) k-contact
radius by the magnitude of the largest error displacement. This maximally increases the prob-
ability of k events happening in the true NHPP, hence the bound.

Of course, for all but the most well-behaved f({e}%_,) this integral would need to be com-
puted numerically by sampling from f ({a}le ). If one can sample from the error distribution,
one can sample from the joint distribution of true positions, and hence directly simulate the
left hand side of Equation 7. However, the bound in Equation 7 has the additional property
that, when the e; are i.i.d., it can be further simplified to

kzl (Sionrs) Als)ia(ds) )’

i!

X

Pldy(s0,Y) <1) < /OOO {1 _

=0

exp (—/ A(S)M(ds)) }k:fg_l(x)dx
B(so,r+x)

where kfllzj‘l(:p) is the p.d.f. of max{|e;| : 1 <i <k} (also derived in Appendix A). This
reduces the computational load by decreasing the number of d-dimensional integrations from
k + 1 to two, linearly decreasing the computation time. This would be a large effect when
inferences are being made on high-%k k-contact distances. In our application the €; are not
i.i.d. and our k are small, but in Section 6.2 we compute both the bound as well as simulate
directly and compare the results. In the following subsection, we explore the utility of the
bound in more general applications.
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3.1. Probability bound simulations. To determine how close the newly derived upper
bound on k-contact probability is to the true k-contact distance probability, and hence the
utility of the bound, we study two general intensity functions via simulations. Drawing from
the first two NHPP intensity models specified by Chakraborty and Gelfand (2010), bivariate
Gaussian and Gaussian mixture models, we simulate 50,000 datasets of 2D positions and then
perturb all positions from a bivariate normal distribution, N(0, o2,). The bivariate Gaussian
density is scaled to be an NHPP intensity which integrates to 200 on it’s domain, and with
mean vector and covariance matrix

N <0.64 0.016 0.007)
0.61° 0.007 0.02

respectively. The Gaussian mixture density is also scaled to be a NHPP intensity which in-
tegrates to 200 on its domain, with two components, each a bivariate Gaussian with mean
vectors and covariance matrices

0.64 0.016 0.007 0.25 0.007 0.0005
N(O.Gl’ 0.007 0.02 ) + _Q)N(O.M’ 0.0005 0.002 >

for the first (mixing weight of ¢ = 0.71) and second components respectively.

For 500 test center points (sg) from these intensities, we then check the frequency in
50,000 simulations that 2 or more events are found within some radius, » = 1072, of the s,
setting ooy = 1073, These values were chosen to explore a range of frequencies from 1.0 to
a few/50,000, where 50,000 was chosen to keep simulation time tractable. We then compute
the k-contact (kK = 2 in this case) probability bound for a radius r for each sg.

The simulation frequency vs. probability bound can be found in the leftmost panels of Fig-
ure 1, with points shaded according to the intensity value at sg. The probability bounds range
from 0 — 13 times larger than the frequencies derived from simulations for both intensity
functions in this error and radius regime. We then repeat these simulations for o = 10_2,
and 10~!, such that we can explore the bound in different error regimes: when error dis-
placements are an order of magnitude smaller than the radius of interest (left-most panels),
of comparable size to the radius of interest (center panels), and an order of magnitude larger
than the radius of interest (right panels). We find the probability bound is closer to the true
value when the test point is at lower intensity regions and when error regimes are small com-
pared to the radii of interest.

We conclude from this simulation study that the probability bound is most similar to the
true probability for radii similar to or larger than the scale of typical error displacements. If
the errors considered are much larger than the k-contact distance one wishes to infer, intu-
itively, the bound is more likely to fail to produce interesting constraints, especially when
applied in high intensity regions of the domain. In Section 6.2, we perform an analysis with
the same intention of quantifying the usefulness of the bound for our specific application by
comparing the P metric from the existing methodology to that from our proposed method-
ology for the most recent repeater sample from CHIME/FRB Collaboration (2023). We show
the bound is sufficiently constraining to rule out the hypothesis of £ independent sources for
more repeater candidates than the existing methodology.

4. Application to CHIME/FRB. In our application, the NHPP is a non-uniform inten-
sity of FRB detection probability by CHIME/FRB. The observed FRB detection distribution
is a function of the volume density of FRB sources and of the probability of actually detecting
an FRB. We first introduce the coordinate system, and then introduce the necessary astrophys-
ical quantities and concepts in order to describe the main factors that affect these distributions
and to elucidate how we parameterize the intensity, A. The application-dependent notation is
summarized in Table 2.
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FIG 1. k-contact probability bound versus frequency from simulations of two different NHPP intensity models and
in different noise regimes. In each panel, 500 test points are drawn uniformly from the domain of the experiment,
and then 50,000 simulated datasets are drawn from the relevant NHPP A and positions are perturbed by Gaussian
noise centered at (0,0) and with standard deviation of 1()_3, 10_2, 101! for the left, center, and right columns
respectively. We record the frequency of having k = 2 events within some radius r = 1072 for each simulation.
We then, given s, the noise distribution, and r, compute the probability bound in Equation 7. Top row: 50,000
simulations for test centers (sqg) drawn from bivariate Gaussian intensity (full parameter details can be found
in Section 3.1). Bottom row: As for the top row, but simulated datasets are drawn from a bivariate Gaussian
mixture intensity. A black line is drawn in each panel to denote where the bound and simulation frequency would
be equal. Points are colored according to the value of the intensity at the test center, A(sq). We conclude from
these simulations that the bound is most similar to the true probability bound when average noise displacements
are smaller than, or of comparable size to, the k-contact distance radius of interest, and hence are more likely to
provide meaningful constraints in these regimes.

Symbol  Description

¢ Geographical latitude of the telescope

4 Declination, equivalent to latitude on the celestial sphere

@ Right ascension, equivalent to longitude on the celestial sphere
DM Dispersion measure, a rough proxy for FRB distance

¢ Zenith angle
Nprps  Poisson rate, or the integral of the intensity function A over the entire domain
TABLE 2
Definition of application-dependent variables used throughout this text.

4.1. Coordinate system. FRB positions are defined by right ascension (), declination
(9), and dispersion measure (DM). The angles « and § are equivalent to longitude and latitude
on the celestial sphere, illustrated in Figure 2.

DM is a quantification of the significant frequency dependent delay of radio waves due to
the ionized gas the waves traverse. As a line-integrated column density, DM is a proxy for
distance: if two hypothetical signals from the identical point on the sky were measured to
have different DMs, one would necessarily be more distant than the other because the signal
with higher DM must have traversed more ionized gas. The common unit for DM of parsecs
per cubic centimeter (pc cm~>) is used as it is convenient for astrophysicists to determine
a rough distance to a Galactic radio source given a known average Galactic electron den-
sity (in cm™3), and has been subsequently adopted for extragalactic radio sources including
FRBs. This is partially because the Galactic contribution to the DM of FRBs is considered a
foreground contaminant and must be subtracted off in order to make meaningful conclusions
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plane of the / N
celestial equfzf

FIG 2. Illustration of right ascension (o) and declination (§). These two angles are equivalent to longitude and
latitude on the celestial sphere, respectively. « is referenced from the ‘vernal equinox’, which is one of the inter-
secting points of the celestial equator and the geographical equator, and « is defined here between 0 and 360
degrees. § differs from the typical spherical coordinate polar angle as it is referenced to the x — y plane, or the
plane of the celestial equator, rather than the +z-axis (north celestial pole). § is defined between —90 (south
celestial pole) and 90 degrees (north celestial pole).

about the distance to an FRB using DM. The Galactic contribution comes from ionized gas
within the disk-shaped region of our Galaxy (where most stars are located) and the halo of
our Galaxy (a much larger gas cloud surrounding this stellar disk). We subtract estimates of
these contributions using a model of the density in the disk from Cordes and Lazio (2002)
and estimates from Dolag et al. (2015) of the electron density halo from cosmological sim-
ulations which are supported by recent observational results (Cook et al., 2023; Ravi et al.,
2023). Henceforth, it is assumed that we are referring to the Galactic-foreground subtracted
value when we discuss the DMs of FRBs.

4.2. Number of sources vs DM and §. Assuming a Euclidean geometry for the Universe®,
and assuming an FRB population that has not changed as the Universe evolved over billions
of years, the source volume number density should be constant as a function of distance from
Earth and hence the number of sources, Nyources, 1S found by integrating the volume observed

by CHIME
Nsources(DM’(S) X /// dv

I ré r27
x / / / p? sin 0d0dpdp
0o Jo Jo

o I3 cos(0)
o DM cos(0),
where [ is the distance for which DM is a proxy.
4.3. Detection probability vs DM and 6. The probability of detecting the source as a
function of DM and ¢ is complex because it relates to the observational realities of the tele-

scope. We model three main contributing factors: the effects of (i) the telescope’s exposure,
(ii) the fluence (defined below) distribution of FRBs, and (iii) the telescope’s sensitivity.

“This assumption is most appropriate for the very nearby, or low redshift, Universe. The repeater association
significance is most complex in the high intensity regions of the NHPP, which happens to be near DM ~ 500
pc cm_3 (Macquart et al., 2020; James et al., 2022; Baptista et al., 2024), which is a reasonable place to make
this assumption.
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i) Exposure. The exposure at a declination is the amount of time that the telescope has col-
lected data at that declination. At a fixed §, CHIME observes some « span instantaneously,
which can be described with an arclength on the celestial sphere. This arclength is roughly
constant for all §, forming a long (in the N-S direction) rectangle on the sky. Hence, given
some exposure time proportional to the duration of the experiment, where that constant ar-
clength subtends an « angle of 360 degrees (at d near 90 degrees), each spot on the sky is
seen for the duration of the experiment. For lower 9, this arclength subtends only a fraction
of the circumference, and therefore exposure time on a source on that part of the sky is pro-
portional to the fraction of the circumference that the arclength represents. The exposure for
each source as a function of ¢ is thus proportional to 1/ cos(d). However, the experiment has
been running for only a finite amount of time, so a function representing the exposure should
not asymptote to infinity at § = 90 degrees. Instead, we model the exposure as a function of
d as
c

T 1+ dcos(9)

with ¢, d real positive constants. This function reaches a finite maximum value of ¢ at 6 = 90
degrees and a non-zero minimum value of ¢/(1 + d) at § = 0 degrees, while still scaling as
1/ cos(6). This function produces a good fit to the CHIME/FRB exposure data as a func-
tion of § as released in the most recent catalog of repeater candidates from CHIME/FRB
Collaboration (2023).

exposure(d)

4.3.1. Fluence distribution. Fluence is defined as the amount of incident energy on the
telescope. Fluence is also hence proportional to the time-integrated energy of the radio burst
divided by the distance to the observer squared. The probability of detecting a radio burst falls
off with the FRB fluence. For a standard candle luminosity distribution’ in Euclidean space,
one expects the cumulative fluence distribution to be well described by a power-law with in-
dex —3/2, CDF(F) o< F~3/2 where F is the FRB fluence. This standard candle assumption
is an oversimplification of the true fluence distribution that is nonetheless consistent math-
ematically with studies of CHIME/FRB’s sample and hence we use this power-law index
(Shin et al., 2023). However, and simply stated, intrinsic FRB energies do vary, and the far-
ther the source, the smaller the fraction of the distribution of FRB burst energies that would
be detectable by the telescope.

Beyond our descriptions of relative detectable samples as a function of DM and 4§, we
model the probability of detecting a given source as a negative exponential, as the detection
probability is typically modeled as ‘complete’, and hence a steep fall off in probability with
decreasing fluence is expected. Complete, in this context, means a burst with a given fluence
would be detected with 100% probability if its position was being observed by the telescope
at the time of the burst. The Gamma function model is reminiscent of canonical galaxy lumi-
nosity functions, which compare input luminosities to a characteristic luminosity (we will use
a characteristic DM, DM*, which controls the width of the DM density distribution, as well
as a DM intercept parameter, DMy, which adjusts where the distribution reaches maximal
density, in the following paragraph) and are modeled as a negative exponential (Schechter,
1976).

A ‘standard candle’ in astronomy is a population of sources with a single intrinsic luminosity, and hence
whose differing fluences reflect only their distances from Earth.
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FIG 3. Illustration depicting the horizon-to-horizon view of the CHIME telescope to show the zenith angle ({)
of a given source (indicated by a star) as a function of the declination of that source (§). Zenith is defined as
perpendicular to the horizon. The north celestial pole and celestial equator are defined as perpendicular to
one another, and the north celestial pole is the axis around which the Earth spins. The angle between the north
celestial pole and the horizon is equal to the geographic latitude (¢) of the telescope (¢ ~ 49.32 degrees (CHIME
Collaboration, 2022)). The declination is defined as the angle between the source and the celestial equator. Hence
we can calculate the zenith angle, C, of a source as ( = ¢ — 9.

4.3.2. Sensitivity. The sensitivity of a telescope describes the minimal brightness that
the telescope can distinguish from random noise. The sensitivity of the CHIME telescope
varies with location on the sky; CHIME is most sensitive directly overhead, at the telescope’s
zenith, and the sensitivity decreases as a function of the zenith angle ¢ (Figure 3).

Increased sensitivity means that a larger fraction of the luminosity function can be detected
at a given distance, and thus one expects the DM with maximal probability of being detected
to decrease as a function of increasing (. Therefore we modulate the term representing the
maximal density DM, DMy, by a factor of cos({(d)) = cos(¢ — §) where ¢ is the geographic
latitude of the telescope (49.32 degrees, CHIME/FRB Collaboration 2018).

The global effect on the sensitivity as a function of & can be described by cos’(¢), where
b > 0 is a constant, introduced to fit the steepness of the drop off in sensitivity with (. How-
ever, the way that CHIME/FRB forms beams on the sky means the sensitivity fluctuates
around cos®(¢) as a function of &, with some positions falling in gaps between the most sen-
sitive areas of each beam. Integrating over all observing frequencies and «, this effect is small
compared to the sensitivity changes as a function of distance away from zenith, and median
sensitivity is still well-described by cos®(¢). Thus we do not model the small-§-scale sensitiv-
ity behavior in the global intensity function, and instead rely on its imprint on the individual
burst localization uncertainty regions, discussed in Section 4.4, to capture its contribution to
the uncertainty in the posterior distributions. While we can make a reasonable estimate of b,
(we know it will be greater than zero, and do not expect values much greater than 3 based
on our beam model®), the exact value depends on how CHIME/FRB forms beams on the sky
and the spectra and polarization of the observed FRBs, therefore we fit b rather than assert it
in the intensity function (Noutsos et al., 2015; CHIME/FRB Collaboration, 2018).

We show the empirically estimated model of the telescope’s sensitivity as a function of §
in Figure 4 with a least squares fit to our model for this component, cos®(¢) for illustrative
purposes. There is a slight disagreement between the best-fit value b = 1.45 and the plotted
sensitivity model, especially at low J, but this disagreement will be reflected in the posterior

Savailable at https://chime-frb-open-data.github.io/beam-model/
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FI1G 4. top panel: Sensitivity as a function of declination and normalized to attain a max value at 1 at our
zenith, intended to to compare the behaviour of our best sensitivity estimate and Cosb(C ) (black line). The
sensitivity estimate was modeled using CHIME/FRB’s publically available beam-model, available at https:
//chime-frb-open-data.github.io/beam-model/, by summing the two components of CHIME/FRB’s beam, the
‘formed’ beam and the ‘primary’ beam (a detailed description is more technical than appropriate to be included
here, but can be found in CHIME/FRB Collaboration 2018). The sensitivity is expected to follow cosb(§ ) where
b is a constant which depends on how CHIME/FRB forms beams on the sky as well as the polarization of FRBs
(Noutsos et al., 2015; CHIME/FRB Collaboration, 2018). We use a simple least squares fit in order to estimate a
value for b to show that the median of the sensitivity is well described by such a function. Bottom panel: residual
values, i.e., 0051'45 (¢) model less the data from beam estimate.

distribution of b and occurs at a low-intensity region where the repeater significance is least
ambiguous.
The intensity function we use thus defined

¢
8)  A(6, DM)| Niggs, b, ¢, d, DMy, DM* o Nigs ¢
(8) A(6,DM)|Nggss, b, c 0 o< NErB eXp<1+dcos(6)

(v (M st g)) ) (s (P9 i)

where we use  rather than an equality because the total intensity should integrate to the
expected rate of FRBs, Nggrps.

4.4. Measurement Error. Each CHIME/FRB burst detection has a unique localization
p.d.f. (which describes the noise or measurement error) due to its beam configuration, de-
scribed in detail in Section 3.1 of CHIME/FRB Collaboration (2021). CHIME/FRB’s real-
time pipeline calculates the most likely positions on the sky for detected bursts using ratios
among per beam signal-to-noise values fit to beam model predictions for a grid of model
sky locations and model intrinsic spectra. The confidence interval map or distribution is es-
timated from a sample of events from radio transients with precisely known positions also
detected by CHIME/FRB, such that true positions fall within contours of a given confidence
interval with the appropriate frequency. CHIME/FRB’s primary beam sensitivity in the E-W
direction, mostly concerning the « of sources, has roughly the form of a sinc(x) = sin(x) /x
function with origin at the meridian (directly overhead the telescope in the « plane) of the
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FIG 5. An example of uncertainty regions for FRB localizations with CHIME/FRB’s real-time pipeline, to demon-
strate the multi-modal nature. The colormap shows which confidence interval percentage one would need to
consider in order to include that position in the localization error. That is, the tan regions, or values near 1.0, are
less likely to be the true position of the burst compared to the values near 0 (purple regions). In this plot, the unit
for « is not fractional degrees but rather hours and minutes of arc, where 360 degrees are equal to 24 archours,
and one degree is 60 arcminutes. The dots in the upper left corner illustrate the pattern of CHIME/FRB’s beams
in which the burst was detected. Credit: CHIME/FRB Collaboration (2021).

telescope. The localization uncertainty regions reported are chosen to contain the ‘main lobe’
(or largest amplitude oscillation, using the sinc function analogy) of the primary beam and
the first order ‘side lobes’ (the oscillations to the left and right of the largest amplitude of
the sinc function) of the formed beams, which leads to multi-modal uncertainty regions. An
example of these uncertainty regions is shown in Figure 5. We sample true positions from the
uncertainty regions of each burst when estimating the posterior distributions of the intensity
function.

4.5. Putting it all together. We take a Bayesian approach to fitting the model specified in
Section 2 for the functional form of our application’s intensity function. We use a well-studied
subset of FRBs, CHIME/FRBs first catalog (CHIME/FRB Collaboration, 2021), to sample
the posterior distributions of the hyperparameters. This is done using a bespoke Metropolis-
Hasting within block Gibbs sampler (see, e.g., Stenning and van Dyk, 2018, for a description
using astrophysical examples). Our sampling algorithm is described in Algorithm 1.

Algorithm 1 MCMC sampling for generalized Hierarchical Bayesian Spatial Process

1: for i =1 — n samples: do

2 block update from multivariate normal distribution of hyperparameters with Metropolis—Hastings (MH)
3 for j =1 —len(training data): do

4: block update for event positions (c;, 5]-) with MH independence samples

5 end for

6 for j = 1 —len(training data): do

7 single-site update for burst DM with Metropolis sampler

8: end for

9: end for
10: Iterate

Leveraging the posterior distributions of the hyperparameters, we can then make a pre-
dictive inference on the k-contact distance at a given «, 9, DM for the current CHIME/FRB
experiment/current FRB detection count. We can quantify the probability of detecting k or
more bursts within the observed distance of the minimal bounding sphere (b(sg,r) C D) or
closer, under the null hypothesis that all bursts are physically independent.
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Computational Specifics. To propose new values during each iteration of our MCMC rou-
tine, we use the following jumping distributions

(@is1, bist, Cirt, div1, DM is1, DM¥i.1) T ~ N5 ((ai, by, i, di, DMg;, DM*) T, M),

with a 6 x 6 real-valued, positive-semi-definite covariance matrix M;; estimated from the
first 1000 iterations of an MCMC run, which are discarded as burn in and after which M;;
remains fixed. For the block updates of «;,d;, i € 1,2,...,526, we use an independence
sampler. This is a version of a Metropolis-Hastings sampler wherein the proposal distribution
is random within the domain, weighted by an approximation of the posterior distribution (in
our case, &; ), and hence depending on the previous iteration only in the acceptance step of the
algorithm. We weight according to an empirical estimate of the p.d.f. for the position of each
burst (more information in Section 4.4). We do single-site Metropolis-Hastings updates for
the DM of each burst using a Normal jumping distribution centered at the previous iteration
value of the DM and with standard deviation equal to the estimated measurement standard
deviation, typically between 0.4 to 3 pccm™3, reflecting the telescope’s real-time pipeline
measurement precision.

Hyperprior distribution. Our Bayesian approach to model fitting requires the specification
of a prior distribution. We assume prior independence among the hyperparameters and spec-
ify the joint hyperprior distribution as the product of the following univariate distributions:

Nrrps ~ Uniform(128.8,2362.8) b ~ Normal(1.45,0.12)
DM, ~ Normal(560, 560) ¢ ~ Uniform(0, 10)
DM* ~ Normal(404,404) d ~ Uniform(0, 10)

We elicit the prior distribution on Npgrps based on the known survey duration of 214.8
days (data not otherwise used in this work; CHIME/FRB Collaboration, 2021) and a pre-
experiment estimate of CHIME/FRB’s detection rate of 0.6-11 bursts/day (CHIME/FRB
Collaboration, 2018), which was calculated using the all-sky FRB rate from Lawrence et al.
(2017) and adjusted for CHIME/FRB’s survey design by Chawla et al. (2017). Nggrps can be
any real number rather than only natural numbers as it is treated as the Poisson rate over the
domain, where the likelihood in Equation 5 is computed as the likelihood of n € N events
in our sample given the overall rate of Nprps € R. The center and standard deviation of the
Normal prior distribution of b is based on the best fit value and least squares error of fit to
the beam model. Our distribution of DMy and DM* are based on detected FRBs from sur-
veys other than CHIME/FRB: we download all reported FRBs on the transient name server’
and exclude those detected by CHIME/FRB (our data). We then take the sample average and
standard deviation of these non-CHIME/FRB FRB excess DMs, approximately 560 and 404
pccm ™3 respectively.

5. Performance.

5.1. Convergence. In addition to visual inspection of the chains and monitoring of accep-
tance rates throughout, we diagnose convergence using multiple chains with starting values
chosen via latin hypercube sampling (McKay, Beckman and Conover, 1979).

In order to test that the results are insensitive to the choice of starting values for the MCMC
routine, we run ten chains in total for which the starting values for each are determined
as follows. For each hyperparameter, we select ten different starting values by dividing the

7https://www.wis—tns.org/ accessed Aug Ist, 2024
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marginal hyperprior into ten equal probability regions and selecting a random variate from
each. Practically, we accomplish this by dividing the interval of reals [0, 1) into sub-intervals
([0, 1/10), [1/10, 2/10), ..., [9/10, 1)), and picking a random value from each. Then, we take
the corresponding value of the hyperparameter from the inverse cumulative distribution of
the hyperprior. This process is repeated for each of the six hyperparameters. Then we sample
randomly from the sets of each hyperparameter without replacement in order to select the
vector of starting values for each chain. This ensures an even sampling from the hyperprior.

Visual inspection of the trace plots suggests that each chain converged to the same apparent
stationary distribution. To further check convergence, we compute the Gelman and Rubin R
statistic (Gelman and Rubin, 1992) for each of the hyperparameters and find a maximum
value of 1.00637, which does not indicate a lack of convergence. In addition, we compute the
effective sample size of all ten chains using the ArviZ package® (ArviZ Developers, 2020)
and find no value smaller than 1514, which is more than sufficient for our purposes.

5.2. Simulation Study of Intensity function hyperparameters. In order to test the reliabil-
ity of this methodology, we test an NHPP described by our intensity function with known
hyperparameters, chosen to be Ngrgs, b, ¢, d, DMy, DM* equal to 525, 1.5, 6, 2, 560, 400 re-
spectively. These values are chosen as they are similar to the median hyperparameter values
derived for our data. We randomly draw ten samples of events from this known intensity
function by (i) drawing the number of observed events, with a Poisson distribution with rate
equal to 525, (ii) selecting that number of positions from the known A using rejection sam-
pling, and then (iii) perturbing these positions to simulate the noisy observations. We then
run our MCMC method, outlined in Section 4.5, on the output noisy datasets. The chains
are started at parameter values drawn from their hyperpriors using the same latin hypercube
sampling technique as above: we divide the interval (0,1) into 10 (number of chains) subinter-
vals, randomly sample a value from those subintervals corresponding to each hyperparameter,
and then draw the value of the starting hyperparameter from the icdf of it’s marginal hyper-
prior. We then randomly permute these starting parameter values, without replacement. Since
the covariance matrix we used to propose new values for the hyperparameters was tuned to
the real dataset, we allow the chains to update the jumping distribution matrix M;; to the
chain’s current covariance at iteration 1000 and remove all iterations before this as burn-in.
We compare the posterior distributions to the known values and find that the true value of
the NVggrps, b, ¢, d, DMy, DM* hyperparameter falls within the 90% credible interval of the
estimated posterior distribution for 10, 10, 9, 8, 10, 10 simulations out of 10 total simula-
tions, respectively, indicating that the method has good frequentist coverage for our intensity
function.

6. Results.

6.1. Posterior distribution of the intensity hyperparameters. In Figure 6 we display a
corner plot made from the MCMC samples. Using the sample median of the draws for each
hyperparameter as an estimate of the posterior median, we show the corresponding median
intensity in Figure 7 for illustrative purposes. In the marginals, we show the pointwise 90%
credible region from all draws from the posterior distribution, as well as the pointwise me-
dian. We overlay the null data set detections to compare the realization of the intensity in
the catalog/null dataset. While this intensity form is required in order to compute our mo-
tivating statistic, Pc, it also confirms that the instrument’s intensity function is well-fit by a
model based on known physics and spherical geometry. This is useful for studying the bias
in CHIME/FRB detections, its affect on scientific results, and for modeling applications such
as discussed by James (2023).

8version 1.2.0, https://github.com/arviz-devs/arviz
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FIG 6. Corner plot of non-homogeneous spatial Poisson intensity hyperparameters from the (approximate) pos-
terior draws obtained with MCMC. The values written in the titles of the histograms correspond to the median
posterior distribution estimate for each parameter, and the errors represent the bounds of their 68% credible
regions.

6.2. CHIME/FRB Collaboration (2023) Repeater sample. 'We estimate the P value for
each of the repeater candidates of CHIME/FRB Collaboration (2023) both using the bound in
Equation 7 and directly from simulations. The simulations sample true/unobserved positions
from estimates of their error density distributions and then compute the probability in Equa-
tion 9. The bound in Equation 6 is an upper limit on the probability of a k-contact distance
smaller than or equal to the observed value for each of the repeater candidates.

Both the probability and probability bound estimations require integration which is com-
puted via Monte Carlo. Each random draw for the Monte Carlo integration uses a set of
hyperparameters from our posterior distribution for A, but with Ngggs multiplied by a factor
which reflects the increased number of events in the training set versus observed events in the
CHIME/FRB Collaboration (2023) dataset (i.e., 2196/526, the ratio of number of observed
events in the repeater catalog to the number of observed events in the training data). The
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FIG 7. Center plot: CHIME/FRB intensity predicted from the median posterior hyperparameters. We overplot
the FRB detections in the First CHIME/FRB catalog (CHIME/FRB Collaboration, 2021), our training set, as a
function of 6 and DM (white points). In the right and top subplots, we show a normalized histogram of these
FRB detections (navy) as a function of § and DM, respectively. In these panels, we also show the 90% pointwise
credible interval (grey regions) and median point-wise value (black lines) from the posterior distribution.

observed value of the k-contact distance and the repeater’s observed position used in these
methods are defined by estimating the minimal bounding sphere of the candidate repeater.

We estimate the minimal bounding sphere using the algorithm described in Chapter V.2 of
Glassner (1990).

In Figure 8 the values are plotted against a modified value of the existing statistic for these
sources, Rcc. Rcc estimates the false-positive contamination rate within the repeater sample
(i.e., corrected for multiple-hypothesis testing) assuming each FRB detection is an indepen-
dent binomial trial, where a ‘success’ is a detection within some box around the repeater
candidate, and a ‘failure’ is a detection outside. We multiply these Rcc values by the trials
factor such that the values can be considered a probability of coincidence and can be directly
compared with our P estimates, and plot this value Rcc/N denoted Pc (previous work).
The intensity function of CHIME/FRB Collaboration (2023) is estimated by smoothing the
two dimensional detection histogram with a Gaussian kernel, and the probability of suc-
cess/failure is approximated as the fraction of intensity inside/outside of the box. The main
issues with this method are the ambiguity of defining the ‘in’ box, and that it does not take
into account measurement error other than the 95% span of the localization and DM errors,
inside of which all possibilities are equally weighted despite the multi-modal nature of the
error regions. The intensity function also doesn’t properly account for measurement error,
and the choice of Gaussian kernel could potentially obscure minute fluctuations in intensity,
or could overweight a stochastic over- or under- density.

In 32 of 37 cases, our new methodology returns a smaller median P for the repeater
candidate, meaning the candidates are considered less likely to be independent sources, with
a median improvement factor (original Pc/ our Pr estimate) of over 3000. This includes
13 candidates that were previously labeled as ambiguous due to their high Pc, whereas
the new methodology produces values of FP- that suggest that the sources are unambigu-
ously repeaters (assuming the same p-value threshold as adapted by CHIME/FRB Collab-
oration 2023). In two of 37 cases, the returned estimated probability is zero, reflecting that
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F1G 8. Comparison of probability of coincidence (P¢) from the previous method (z-axis) and from the method
derived in this work (y-axis) for repeater candidates from CHIME/FRB Collaboration (2023). This work presents
both a probability estimate from simulations (black points, errorbars represent the 95% credible region) and
a probability bound estimate (grey triangles). We denote the line at which the estimates from the new and old
methods would be equal with a gray dotted line. Candidates in the unshaded plot region would be classified
as having sufficient evidence to call the source a repeater in both methods, and candidates in the grey shaded
region have P estimates from both methods that would suggest the candidates are ambiguous. The thirteen
candidates in the green region are candidates that can be newly declared unambiguous repeater candidates using
the Pc method outlined in this paper. In 32 of 37 cases, the new method returns a decreased P¢ for the repeater
candidate, with a median ratio between the old and new P¢ estimates on the order of 3000, suggesting improved
sensitivity from the updated model.

the estimate is smaller than can be accurately captured by our double-precision floating-
point format (roughly 10~!6). This conclusion is supported by the estimate of the upper
bound probabilities for these sources, 3 x 107 and 1 x 1077, Our Bayesian method-
ology allows for uncertainty quantification in the estimate. In the direct simulation of F¢
we randomly sample true positions from the localization distributions and randomly sample
0 = { Nrrgs, b, ¢, d, DMy, DM*} for A from our estimate of its posterior distribution. We then
compute the probability in Equation 9 assuming these true positions and this set of hyper-
parameters and repeat 5000 times. The 95% credible regions on the value of P from this
method are also shown in Figure 8. Considering the credible regions, it is clear that the F¢
estimates tend to be lower than the P- (previous work) value. For the repeater candidates
whose median simulated value of P are lower than the threshold p-value in CHIME/FRB
Collaboration (2023), the span of the 95% credible region tends to be entirely below this
threshold p-value. The width of the 95% credible regions are also similar in magnitude to the
difference between the median value of P estimated from direct simulation and the upper
bound on FP- from Equation 7. This is promising for high-dimensional applications which
would benefit from the decreased computational cost of the bound. The improvement in the
majority of cases by large factors suggests that this method is more sensitive and hence can
result in the identification of more repeaters.

6.3. Limitations. As discussed in Section 4, a complicating factor is the acquisition of a
proper null data set consisting of unique FRB sources detected by CHIME/FRB. The repeat
bursts cannot be unambiguously removed from the sample without the results of the test
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for which we need the data set. However, the inclusion of repeat bursts artificially increases
the intensity of the NHPP in that area and overall, making the test less likely to identify a
repeater, considered conservative in this application.

7. Conclusions. While much thought has gone into the treatment of nonhomogeneous
Poisson processes (NHPP) observed with noise, second order characteristics of these pro-
cesses had previously not been studied, since the noisy process is not typically the process
of interest. In this paper, we use noisy data in a hierarchical Bayesian model to fit hyperpa-
rameters of a physically motivated nonhomogeneous Poisson process intensity. In simulation
studies, we find that this methodology leads to reliable estimates of the true values of these
hyperparameters. We then use the posterior distribution to make an inference on the noisy
non-homogeneous Poisson process, the probability of detecting k£ events within some radius
r and center point in the domain.

When applied to our motivating application, the new methodology for computing proba-
bility of coincidence increases the significance of candidate repeaters previously reported in
CHIME/FRB Collaboration (2023) 86% of the time, with a median improvement factor on
the order of 3000.

Our methodology has been adapted by the CHIME/FRB collaboration and will be used
to define the sample for an upcoming fourth catalog of repeaters from CHIME/FRB. With
an additional two years worth of data (compared to CHIME/FRB Collaboration 2023) and
the increased sensitivity offered from this methodology, the catalog is expected to roughly
double the number of known repeaters.

More generally, in the field of FRBs, our methodology has consequences for not only for
associations between FRBs (repeaters), but also between FRBs and other events (such as
gravitational wave sources). Unambiguous classifications in these cases are vital, as increas-
ing the repeater sample size and detecting outlier repeaters (which, for example, could be
the most promising for follow-up or otherwise particularly interesting astrophysically) can
give us insight into the progenitors of FRBs and the relationship between observational sub-
classes of FRBs. Similarly, associations between FRBs and other poorly localized transients,
like gravitational wave events, which have known progenitors, could result in a field-changing
discovery.

While this methodology is geared towards astrophysical observations with significant lo-
calization uncertainty, the common application of NHPPs to fields like ecology and epi-
demiology suggests that the method may be beneficial for research in other disciplines, for
example, hotspot detection.

APPENDIX A: PROBABILITY OF A CLUSTER OF K EVENTS

THEOREM 1. (Berman, 1977) If X is a uniform Poisson point process in R? of intensity
A, di(s0,X) for so € R? denotes the distance from sq to the k" nearest point in X, the
distribution function of dy(so, X ) is:

il A(s)ds i
(9) Pr(dk(SO,X) < T‘) =1 — Z (IB(“’T)i' ) e~ fB(um)A(s)ds

=1

where B(u, r) is the closed d-ball centered at u € R% with radius r

PROPOSITION 1.  Suppose X = {x1,...,x,} CD C Reisa nonhomogeneous Poisson
point process with intensity A(s). D is the observation window/domain and we assume that
A(s)=0fors¢ D. Let Y = {yy,...,Y,} be the point process of the noisy event locations
where y; = x; + €;. €; is a random vector in R? that describes the spatial uncertainty of
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the true event location x;. We assume that {€;}?_, are independent of eachother and X. We

further assume that D and €;’s are such that y; ¢ D with probability zero so that Y C D
a.s. The distribution function of the distance from so € D to the k-th nearest point in 'Y is

bounded by
2 (Sipgag ) Aoa(d5))’
B(so0,7)
- / {1 -2 il X
supp(ex)

1=0

Pldg(s0,Y) <) g/

supp(e1)

exp <— /B(SOf)A(s)M(dS)) }f ({eitiy) u(der) ... p(dey)

where 7 =r+max{|e;| : 1 <i <k} and f({e;}r_,) is the joint p.d.f. of {€;}}_,. The support
of €; is denoted supp(e;) and y is the Lebesgue measure.
If the e; are i.i.d., the above can be further simplified to

00 k—1 Als ds )
Pla(so,Y) <) < | {“ZUB‘S””“”Z.!( u(ds))'

1=0

exp (— / A(S)u(ds)) }kf5-1<:c>dx,
B(so,r+x)

where k:f"zfll(x) is the p.d.f. of max{le;| : 1 <i <k}

PROOF. {di(s0,Y) <r} is equivalent to {N[Y N B(sg,r)] > k}, where N(Y N A) is
the number of events from Y in the set A. Thus

P(dk(s0,Y) <r)=P(N[Y N B(sg,r)] > k).

Denote the set of points {Y N B(so,7)} ={y1,..., Y, } ={x1 +€1,...,%n, +€n,}.
Note that n, here is random and the indices 1 < ¢ < n, for x;’s and €;’s are permutation
invariant. Clearly,

{N[Y NB(sp,r)] >k} ={{x1+e€1,...,x,, +€n,} C B(so,r) and n, > k}.

Without loss of generality, we can condition on {g;}*_,, and write B(so,7) = B(so,” +
max{|e;|: 1 <i<k}).Hence, {x1 +€1,...,2,, +&n.} C B(so,r)and n, > k implies that
atleast {x1,...,x;} C B(so,7) and thus N[X N B(sg,7)] > k. Therefore,

P(N{Y N B(so,r)} > k| {e:}ioy) < P (N{X N B(s0,7)} > k | {e:}y)
=1-P(N{XNB(so,")} <k—1]{ei}r,).

By the law of total probability and Theorem 1, we have

PNYABGor) 2R = [ [ (VY B} 2k (e

supp(e1)
f ({Ei}le) p(der) ... p(dey)
= /supp(El)' - /supp(Ek) {1 -r (N{X NB(so.F)} sk —1] {Ei}le)} X

f({e}he)) u(der) .. pu(dey)
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i

1 ([ As)n(ds))
B(s0,7)
S/ / {1 - g x
supp(e1) supp(ex) ’

=0

exp (— \/B(sof) A(S),U(ds)) }f ({Ei}le) w(der) ... u(deg).

Suppose ¢; are i.i.d., and fi,|(z) is the p.d.f. of |e;|. Then the k-dimensional integral in the

last line above with respect to {e,-}f“':1 can be substituted by the one-dimensional integral
with respect to © = max{|e;| : 1 <i < k}. Thus,

= (IB(SO,HE) A(S)M(ds))i
7!

Pltso ) <n)< [ {1—2

=0
exp (—/ A(s)p(ds)) }kflzi'l(a:)dx,
B(so,r+x)
where kf% ! (x) is the p.d.f. of max{|e;[ : 1 <i < k}. O
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