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Figure 1: Proportion of correctly estimated k over 100 replicates as a function of ¢? assuming the first
k* squared singular values are equal. The colored lines indicate the proportion of correctly estimated
values for all methods.
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Figure 2: Proportion of correctly estimated k over 100 replicates as a function of ¢(? assuming a linear
decay in the first k* squared singular values.
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Figure 3: Proportion of correctly estimated dimension over 100 replicates as a function of ¢? assuming
an exponential decay in the first k* squared singular values when error terms are correlated.
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Figure 4: Proportion of correctly estimated dimension over 100 replicates as a function of (? assuming
an exponential decay in the first k* squared singular values when error follows a student’s ¢ distribution.
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Figure 5: A summary of the sample variance and gene feature variance, skewness and kurtosis for the
NCI60 gene expression data.



2 Supplementary Materials

2.1 An illustration of the voting strategy

I demonstrate the utility of theoretical results on two simulated scenarios, assuming £* = 10 and
fixing the number of observations at m = 10,000 and number of samples n = 100. The covariance
structure was generated according to a singular value decomposition using random orthogonal ma-
trices and specified squared singular values d? equal to (15,12,11.5,8,7,6,5,3,2,0.5) (Figure @ and
(6,5,4,3.5,3.5,3.25,2,1.5,0.75,0.5) (Figure, corresponding to C;%* =0.3 and C,f* = 0.7, respectively.
The signal-to-noise ratio (SNR) is defined as the ratio of the last non-zero squared singular value and
the noise variance, evaluated at 0.5/0.3 = 1.6 and 0.5/0.7 = 0.7 for these two scenarios, respectively.
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Figure 6: An illustration of the voting procedure under scenario 1.

The true dimension £* = 10 is marked by the vertical dashed line in red and the maximum of penalized
log-likelihood at each penalty tuning parameter is identified by the black vertical line. In C) and D),
the black vertical line on the left corresponds to the log(d) value such that I,(k,d) — lI,(k + 1,9)
becomes positive for each k, while the vertical line on the right corresponds to the value such that
1,(k,8) —1,(k — 1,0) becomes negative. In E), the horizontal lines mark the values of log (9) for which
the correct value (k* = 10) maximizes the penalized log-likelihood.

Figures [JA and [JA show the sample eigenvalue with respect to each of the principal dimension
with £* = 10 marked by the vertical dashed line in red. Figures|6B and 7B on bottom left show I, (k, 5)
at various d-values as a function of k, and clearly as the penalty tuning parameter value increases, a
maximum emerges (identified by the black vertical lines) and some choices of ¢ identifies the correct
dimension k£* = 10 as marked by the vertical dashed line in red.

Since k = k maximizes the penalized profile log-likelihood for a particular § value only when

o 1,(k,8) — L(k+1,6) >0 and
o Iy(k,0) — l(k—1,8) >0,

simultaneously, the range of 6 where these hold can be visualized for a few possible k’s including k*
(Figures [6}C,D and [7}C,D). Visibly, l,(k,d) — l,(k — 1,6) is a smooth function of § monotonic as
proven in Lemma [2| Similar observations can be made for [,(k,d) — l,(k 4+ 1,0). With little or no
penalty, 1,(k, ) —I,(k+1,8) is negative and ,,(k, §) —I,,(k — 1, ) positive for all k’s. As § increases, the



difference in penalized log-likelihood between k and k + 1 increases and eventually becomes positive
while the difference between k and k — 1 decreases as (J) reaches (1/k — 1/n).
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Figure 7: An illustration of the voting procedure under scenario 2.

The true dimension £* = 10 is marked by the vertical dashed line in red and the maximum of penalized
log-likelihood at each penalty tuning parameter is identified by the black vertical line. In C) and D),
the black vertical line on the left corresponds to the log(8) value such that I,(k,d) — I,(k + 1,9)
becomes positive for each k, while the vertical line on the right corresponds to the value such that
1,(k,8) — 1,(k — 1,08) becomes negative. In E), the horizontal lines mark the values of log (9) for which
the correct value (k* = 10) maximizes the penalized log-likelihood.

The differences 1,(k,d) — L,(k — 1,6) and I,(k,8) — I,(k + 1,0) for k = 9,10,11 as functions of
log(d) are illustrated in Figures @C D and Figures IC D, where the black vertical line on the left
corresponds to the log(d) value such that 1,(k, d) — I,(k + 1,3) becomes positive for k = 10, while the
vertical line on the right corresponds to the value such that [, (k, 5) — (k-1 6) becomes negative for
k = 10. When both differences are positive, the numerically approximated (ay, by,) are formed and the
vertical distance represents the amount of evidence for each possible k (Figure @-E and Figure I—E
The horizontal lines mark the values of log (#) for which the correct value (k* = 10) maximizes the
penalized log-likelihood. The shorter distance between the two lines suggest recovery of the correct k
in scenario 2 is more difficult than scenario 1.

It is easy to confirm visually that the numerically evaluated sets (ay, bk) are non-overlapping and k
is indeed monotonically decreasing in 5. Notice that the log difference in 4 is the largest for k = k* = 10
as compared to k = 9 or k = 11, suggesting that for a grid-set of equidistant values constructed on log
scale, the majority would support k*. Consequently, with the search grid constructed as proposed, the
procedure would estimate the dimension by a majority vote, which is expected given the relationship
between the log distance log (l~)k) —log (ax) and the number of votes for a particular k (Figures |§| andlﬂ).

Z?—k-;—lj‘i n—k 29
n—k— ok n—k—éka (1)

lp(k§
lp(k§

G =
do) — lp(k — 1;8,) > 0
; 8

o) = lp(k +1;9,) > 0. (2)



Finally, the restriction embedded in and imposes a relationship whereby the maximum
possible k is non-increasing in Ay, shown by the area in gray (Figures |§|—F and F)

2.2 Proofs of Lemmas

Lemma 1. Consider a sample X € R™™ with each column following a multivariate Gaussian distri-
bution N(0, WWT + (2I). Suppose W has rank k* and further, the sample covariance matriz of X T
is positive semi-definite. Then, the penalized mazimum log-likelihood at each fixed k € {1,...,n — 1}
is a smooth function of & on the interval (0,1/k —1/n) and is monotonically decreasing on

(0, (1/k = 1/n)[1 = GZ]),

where f,g = (Z?:kJrl 5\1)/(71 — k).

Proof (Lemma [l)). The penalized profile log-likelihood is a smooth function of the scaled tuning pa-
rameter 0 for each k, provided that it is differentiable with respect to & and all deriatives of lp(k:,g)
exist on & € (0,1/k —1/n).

The penalized profile log-likelihood at k = k' is

/ /

L(K';8) = L,(K) — %{(n — )log (1 - %) — (n—K)log (1 - % - k:’S)

—~ nk’S[l +1log (3(K) + log (1 - %) — log (1 - % - k‘s)]}

and the first order derivative with respect to 8 is given by:

ol mnk’ n—k' —nk'd
T [k
(n — k)G (K')

a5 2
the second order derivative with respect to 8 is:

872l _ mnk’ nk’
952 2 n—k —nk's
Consequently, the tth order derivative is
itl _ mnk'
ast 2

. (t—=2)!(nk )t
(n—k — nk’g)tfl'

(—1) (4)

Since is a rational function of 6 on (0,1/k" —1/n) and all derivatives of l,(k',8) exist, L,(k,d) is
a smooth function of § on the same range.
Observe the first order derivative is negative for any k € {1,2,...,n — 1} whenever:

S<(%-%ﬁ1—@L (5)

and equals to zero when 6 = (1/k—1/n)[1 — é,f] Thus, 1,(k; d) is a monotonically decreasing function
of forany k € {1,2,...,n — 1} on (0,(1/k —1/n)[1 - é,f}), and notice that on this range we also
have (?(k) < 1.

Lemma 2. Consider 6 € G(k + 1), where

1 (k=D — ) )
(k4 DA+ (n—k—1)C 7

Glk+1) = (o

Then, G(k+1) C G(k) and for any fived k € {2,3,...,n—2}, ly(k; 5) —lp(k+1; 8) is a monotonically
increasing and concave function of 6 € G(k+1) and l,(k; ) —l,(k—1;6) is a monotonically decreasing
and convex function of 6 € G(k + 1).



Proof (Lemma . Lemma |1 proves that 1,(k;0), l,(k — 1;8), and L,(k + 1;3) are smooth and mono-
tonically decreasing on 6 € (0,(1/(k+1) —1/n)[1 — é,%+1]) for any fized k € {2,...,n—1}. Since

LIy 1 (”—k—l)[;\kﬂ—égﬂ]
(k+1 n)[l CMI]>n(k"i‘l);\lwrl-I-(n—k—l)élgﬂ7

and

TR =G 1 (= k=D = Gyl
nEkN+ (n—k)C T n(k+ DN+ (n—k— 1),
G(k+1) C G(k) holds.

The difference between the penalized profile log-likelihood at k and k—1 or k+1 is a simple function.
Thus 1,(k; 0) —1,(k—1;6) is smooth on G(k+1) C G(k). Similarly, l,(k;d)—1,(k+1;0) is also smooth
on G(k+1).

Neat, I investigate the behaviours of these two functions separately:

A: Show that L, (k; §) — lp(k — 1;8) is convex on G(k)

The first order derivative with respect to 6, which is the difference between the first order derivative

of l,(k;d) and l,(k — 1;6), is
Oly(k;0) — Lp(k —1;6)  mnk g L= k ko
9 2 - hew

mn(k—1), 1-%21_(k—-1)
1)

I S
mnk C2(k) mn

— 2 agoy T2 Y )

. .
Notice that 524(]{@1) can be greater or less than 1 depending on §:

C2(k) n—k+1-nk-15 n—k ¢

2-1) n—k-nké n—k+13 @)

However, its first order derivative

n? (n—k) 6,%
(n—Fk— nk:S)Q (n—k+1) é;%_l

> 0,

which indicates that 18 tncreasing in 5. In order for @ to be less than 1, solve for the maximum

5 that satisfies EZC(Qk(ﬁ)l) < 1 gives:

g<n—k i A — C? ]
n kX + (n— k)2

Thus, 6 € G(k) such that is less than 1, while (2(k — 1) < 1 due to mars{G(k)} < (1/k —
1/n)[1 — é,f] Thus, I conclude the first order derivative is negative on 6 € G(k). The second order
derivative can be shown to be positive,

Ply(k;0) — ly(k —1;0)  mnk  k ~mn(k—1) k—1
952 2 1k g 2 1-El_(k-1)
mn nk? n(k —1)2

0, (8)

2 n—k—nkg_n—(k—l)—n(k—l)g

and I conclude that 1,(k;8) — 1,(k — 1;0) is a convex function of & € G(k) for any fired k.

7



B: Show that l,(k; ) — L(k + 1;0) is concave on G(k + 1)
The first order derivative with respect to §:
Oly(k;0) — Iy(k +1;6)  mnk g k= nké
06 2 = B3
mn(k+ 1) n—(k+1) 29
+——=|-1lo - —1lo
| n—(k+ 1) —nk+1)3 )
mn(k+1) C2(k) mn

= 0og —= —7O~2 .
= T o g = " los ) ©)

It can be shown similarly to the first case by taking k' = k + 1 and taking the opposite sign, we

can conclude W >0o0nde G(k +1). The second order derivative can be shown to be
negative,

%1,y (k; ) — Ly (k +150) _ mnk k ~ mn(k+1) E+1
962 2 1-k_k5 2 1-El_(k41)
mn nk? n(k + 1)

=B _— | <o, (10)
2 lpn—k—nké n—k—1-—n(k+1)

and that 1, (k; 6) — lp(k+ 1, 8) is a concave function of § € G(k + 1) for any fized k.
Finally, I conclude that for any fized k € {2,3,...,n—2}, ly(k;0) —l,(k —1;0) is a monotonically
decreasing and convex function of § € G(k +1) C G(k), taking positive value when § = 0; ly(k; ) —

lp(k + 1; 5) is a monotonically increasing and concave function of § € G(k + 1), taking negative value
when § = 0.

Lemma 3. Assume the same notation from Lemma @ For some k € {2,...,n — 2}, there ewists
do € UyG(k + 1) such that k = argmaxy, l,(k'; 0,) if and only if

; >
:00) > 0. ()

Proof (Lemma . For a given b6 value, there is a restricted subset of possible k € {1,2,3, ..., k(go)}
Following Lemma@ 1p(k;8) > 1y(k—1;0) and l,(k; 6) —I(k + 1;0) are smooth and monotone functions
of 6, € UpG(k +1).

For some k € {2 <k <n— 2}, define

Ay = (ak, by) C UpG(k +1)

where } . 3
ay, = mm{a € UpG(k +1); 1(k: 8) — Ly(k + 158) > 0}

and
by, = max{g € UpG(k +1); U(K;0) — 1p(k — 1;8) > 0}.

The existence of by, is clear as Ly(k;0) —1,(k—1;8) is a smooth and decreasing function on G(k+1)
k;0) —

and {1,(k;8) — ly(k — 1;5)}520 > 0. Thus, by, is bounded between § = 0 and the solution to l,(k;0)
I(k —1;0) = 0.
The existence of a, € G(k + 1) is unclear depending on whether 5\k+1 < 1 as shown below:
Ly (K; 5) — bk + 1 5) > {lp(k; 5) —b(k+ 1 5)}S:mazg(k+1)
C(k+1) - :
= —m{ logM + onflog C2(k 4+ 1) + 1]}
2 k+1
mn—k—1_- o s
ST e M (/e — 1)} (12



Consider k € {i : \iy1 < 1} and suppose for any 0, € Ay = (ap, b)) C G(K'), 1,(k;0) takes its
mazimum at k = k. Then clearly l,(k';8) > l,(k' —1;6) and L,(k';8) > I(K' 4 1;0). In other words, if
Miep1 < 1, then 1p(k; ) — Lp(k 4+ 1;0) > 0 on G(k + 1), otherwise it is undetermined.

Thus, it might not always be that a, < by € G(k + 1) for k such that 5\k+1 > 1. But for k such
that j\k-s—l < 1, according to this definition, ax—1 = by whenever ax_q exists since G(k + 1) € G(k)
and combined with the fact that the first order derivative of 1,(k; 0) —l(k +1; 5) is smaller than that
of —{lp(k; ) —l(k — 1;8)}, implying that ay < ap_y = by. Thus, the interval Ay, = (ag,by) C G(k+1)
s not empty and gives the range of 5-values in G(k + 1) such that conditions hold.

For k’s such that 5\k+1 > 1, they could still be the maximizer of the penalized profile log-likelihood
for some § such that L,(k;0) — 1,(k +1;6) > 0.

On the other hand, if conditions hold for some 6, € Ay = (ap:, by, we need to show L, (k'; §) —

l,(E";0) > 0 for any k" < k" by showing the following sum is greater than zero:

Lp(K';6) = Lp(K"58) = [lp(K;0) = Ip(K' = 1;0)] + [lp(K = 158) — lp(k' — 2;0)]
Foe o (K +158) — L (K" 8)] > 0, (13)

Since Ly(k'; 8) — 1,(K' — 1;8) is positive on (al,,b,), we only need to show l(k' — 1;8) — L,(k' — 2; )
and all other telescoping terms are positive on (a),by). This is straightforward to show according to
the definitions of (ag—1,bx—1) and ap_1 = byr. This implies for each k" < K/, lp(k”;g) — (K" — 1;6)
is positive on (0,bgr) C (0, byr).

Similarly, 1,(k'; SO) — 1, (K", 50) > 0 is equivalent to the telescoping sum being greater than zero:

lp(k/§ 50) - lp(k”§ SO) = [lp(k',§ 50) - lp(k/ + 1 SO)] + [lp(k, + 1 50) - lp(k/ + 2 SO)]
o (K = 1;0,) — 1,(K";6,)] > 0, (14)

where we must have Ly(k';6,) — L,(k' +1;5,) > 0 on Ay, = (a}, b}).

It is sufficient to show ly(K' + 1;5) — I, (K + 2;5) and all other telescoping terms are positive on
(a}, b},). According to the definitions of (ar+1,br+1) and the result that ajp = by y1. This implies for
each k" > k', 1,(k";8) — L,(k" + 1;0) is positive when & > agn, and (apn, byn) C (af,, b},)-

I conclude the proof with a comment on the choice of k:(go) Observe that n — k — nkéd > 0 poses
a restriction on both k and 6, for any given b0, the mazimum k searchable is gy = (50 +n~hH7L
However, for this k = kyay, the penalized profile log-likelihoods lp(km(u/;g) and ly(kmay + 1;5) are
smooth, but not monotonically decreasing on (0,50). However, these choices of k are ruled out by

condition .

Lemma 4. Consider
A = {5 € G(k+1); conditions are satz’sﬁed} = (ag, br),

whenever ay, exists. Then Ay can be approrimated by (uq(k),up(k)) C Ax C G(k + 1), where uq(k)
denote an upper bound for ay, and uy(k) a lower bound for by, such that by/ap > up(k)/ua(k).

Proof (Lemma . Since ap and by are not analytically tractable, we approximate the differences in
penalized log-likelihoods using Taylor series, and then find roots to the Taylor approximations.

A: 1y(k;8) = 1y(k —1;0) > 0



Ezpanding the difference in penalized profile log-likelihoods in terms of 613717 6,3, Ne and k :

~

~ = m A C
L(k:8) — Ly(k — 1;5) = —5{1og éQk +(n — k) log 2%

k-1 k;—l

+(n—k:)log<1—§)—(n—k—kl)log(l—%)

(k n—=k
n5 |:k log ékil + klog m"‘

log(C2 ;) + log (1 — %) + 1}
-1 —(k—l)(ﬂ —(n—k:)log(l—%—k5>

n
+ nké log (1—%—]@5) —n(k—1)dlog [1—$—(/€—1)5]}

k
+(n—k+1)log{1—

The following approximations can be obtained for any k by Taylor expansion at §=0:

log (1 — % — k§) =log (1 — &) — 2k 4 O(52), (15a)
log[1 — &1 — <k — 1)) = log (1 — k1) — 210 4 0(32), (15b)

and they respectively converge if 6 < 1/k—1/n and 6 < 1/(k—1)—1/n. The difference is approzimated
by

1p(k; ) = by — 1;8) = =2 ¢(8) + O(3?)]

X ~2
= —m{logé i + (n — k) log Ack

2 k— Ck—l
G
—nd|klog = +log (¢
”[ Og§k1 ngl}
2 2 21.2
w[n(k—1) n°k -
S e s S A REACR), (16)

Now we need to solve the inequality and find the SNmallestS such that C(g) < 0. Clearly, C(S) is a
quadratic function of 6 for fived k and when 6 = 0, €(0) < 0. In quadratic equation representation, we
can rewrite ((8) = c20% + 10 + ¢y, where

n?(k—1)2  n2k%2  n(l—2k)—k(1—k)

@ T kAT n—k (n—k+Dm—hk 17)

cp, = —n[k:log Aqk +logf,§_1 >0 (18)
Cioa
Ai (r
co = log——+ (n — k)log 5 <0 (19)
k—1 k—1

Clearly, the discriminant c1? —4caco > 0 is positive and ca < 0, then there are two positive roots, r1(k)
and ro(k), where

{g(g) <0 for & € (0,71(k)) U (ra(k), max(G(k +1))), (20)

¢(0) >0 for b € (r1(k),r2(k)).

B: 1y(k;8) — Ly(k +1;6) > 0
Similarly, expanding the difference:
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(ks ) — Lk + 1:8) = {10g k1)l (1)

n—k n—k—1

S - | (22)
n—k —nkd n—k—1-—n(k+1)J

—né[l{:logA + klogn —kn — k — nké (23)
k+1

. n—k—1
_logC,%H—(k+1)logn_k_1_n(k+1)g]} (24)

The following approzimation is obtained for any k by Taylor expansion at 6=0:

log [1 - k% ~(k+ )5] log (1 . k/:; 1) - Z@ZP? + 05, (25)

and it converges if 5~< 1/(k+1)—1/n.
Again, define {'(8) and the approzimated difference is:

ok 8) = Lp(k + 159) = =7 [¢'(3) + O(8%)|

. m 5\k+1 / 52(]{/)
= —5{ — log 20 +(n—k-1) logm
¢

—néd [klog k —loggt,%ﬂ}
k+1
2 2 2.2
H[ni(k+1)°  n°k o
ey i R} 26)

Again, rewrite '(8) = cy0% + c4d + ¢, where

, n?(k+1)2 n?k>  n—k+2n—-k)k
Cy = - = >0
n—k—1 n—-k (n—-k—-1)mn-k)
<;3+1

¢ = njk+1)

}<0
k

Now solve the inequality and find the smallest 6 such that ¢'(8) < 0. Clearly, when § = 0, ¢'(5) > 0
Since the discriminant ¢,> — 4cycly > 0 is positive and ¢ > 0, there are two positive roots, r3(k) and
r4(k), where

¢'(8) < 0 for & € (rs(k), ra(k))

¢'(6) > 0 for & €,(0,73(k)) U (ra(k), maz(G(k + 1))).

<o

Since § € (0,1/(k+1)—1/n), the root near 0 can be approzimated by the Vieta’s solution —2* and
—9. So finally we have

log L+ (n—k) log
- Ck 1 Ck 1
up(k) = —
n[klog Ck —(k—=1)log Ck_l]
and
log Az“ +(n—k-1) log C
Ua(k?) - _ k k+1

n[(k+1)log él%+1 — klog Ck]

Since up(k) = ug(k — 1), these approzimated intervals are also non-overlapping.
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Lemma 5. Suppose k* is the true rank of W, and denote (* = C,%*, then as m — oo,
o uy(k*)/uq(k*) — oo in probability
o |uy(k) — uq(k)| — 0 in probability for k > k*.

Proof (Lemma . It is useful to have the following:

5\l~c+1 _ n—k

A2 - n ? 2 > ].,
G D ihao Aif Ay + 1
Af ekl oy
Cocr oimhgpr Ni/ A+ 1
. .
Agk _ >\k+1A2 L1 L - 17
Gop1  (n—=k)Ciyy n—k

and

¢ (m—k+1)(
ég_l 5\lc —+ (n - k)élz

To show up(k*) /uq(k*) — oo in probability, it suffices to show that u,(k*)/up(k*) — 0 in probability.
Suppose uq,(k*) and uy(k*) converges in probability to 0 and a constant cc > 0, respectively, then every
subsequence of these two sequences converges almost surely to 0 and cc, respectively. Thus, every
subsequence of uq(k*)/up(k*) now has a further subsequence converging almost surely to 0. This
completes the proof that uy(k*)/uq (k™) — oo in probability.

On the other hand, to show |up(k) — uq(k)| — 0 in probability for k > k*, it suffices to show
uq(k) — 0 and up(k) — 0 in probability as both uy(k) and uq(k) are positive.

Now, I will show both u,(k*) and us(k* 4+ 1) converge in probability to 0 and uy(k*) converges in
probability to some constant a > 0. For these to hold, it suffices to show c¢{(k*) = 0, ¢{(k* +1) = 0
while ¢ (k*) — ¢? > 0, 4 (k* +1) = (2 > 0 and co(k*) — aa > 0, c1(k*) = ad’ > 0, where aa and aa’
are non-zero constants.

Note that the denominators c1, ¢ and numerators co, ¢, of up(k) and u.(k) are smooth functions
of CE, ég_l and EI%H on (0,1) as both first derivatives with respect to these random variables exist.

dcg : 20 n—k
0 = = )— .
oz~ M k&ﬁPM—k+g)
oc| . n—k
. —(f
T Yt
der KA+ Gn—k)
a¢? GEl(n — k)GE — M
o, ke + Gn—k)

oG CGln— k)G — Nera]
Since the population value of the n — k last eigenvalues are equal to CQ(kZ, Theorem 8.3.2 of [?]
implies that for normal data, the mazimum likelihood estimator (¢ = (311 Ai)/(n—k) converges to

(2 almost surely. Similarly, the maximum likelihood estimator of (*(k+1) is CEH = (P pa M)/ (n—
k —1) and also converges to C,?, combined with the fact that:

1 1
Afl“g 71 2
G T

12



and log is a continuous function on (0,00), the continuous mapping theorem suggests the following

result:

2
St 1

G
These together proves ¢} (k*) — (% > 0 in probability and similarly ¢} (k*) — ¢? in probability.
On the other hand, for k > k*, the kth sample eigenvalue A\, — (2 almost surely combined with (2.2)
via continuous mapping theorem suggests:

— 0.

log

32

Ak+1
-2
S

log — 0.

These together then proves cy(k*) — 0 and similarly cy(k* + 1) — (% in probability.
Lastly, since the k*th sample eigenvalue A\« — (% + d% almost surely and thus:

a2+ (n—k+1)¢?

e in probability,

29
Coo1 —

and implying R
2 (n—k+1)¢?
61%71 d2 4 (n—k)¢?

<1 n probability,

Stmilarly, )
Ao (n—k+1)(*+d7)

~ — > 1 n probability.
& B+ -kt b Y

(n—k+1)(¢3+d3)

kT and c1(k*) — ad' in

These together then proves co(k*) — aa, where aa = log

probability, where aa’ = (k — 1) log % +¢?
k

2.3 Proofs
Proof (of Proposition 1). Following [?], we have:

5\n = 62—1
A1 = 202 50— A =202 5— (2

Moo= (n—k+ DG~ (n- k)G

Notice that the sample eigenvalues are decreasing AL > o> A > 0, thus tmplying 612 > > C?H-
Therefore,
M= (n =k + 1)y — (n = k)G > Gy

For k € {2,...,n — 1}, based on the inequality 17 <log(l+z) <z, for any x > —1, we obtain

(k) =Lk =1) = —Z{log A+ (n = k) log G — (n — k + 1) log (7]
m G G
> -2 (n—k)u—ég:)ﬂn—k)(é%: —1)} —0

Proof (of Proposition 2). Though in theory, & € (0,00), the practical consideration that the penalized

MLE of (% needs to be between 0 and 1 restricts & to be in (0,1 —1/n).
(27)
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As shown in Lemma |1 and Lemma@ when 6 € G(k + 1), where

n(n—k —1) (M1 — G20y )

G(k+1) = (0, - .
ey ( (k+DApsr + (0 =k = 1)¢R

(28)

and UrG(k +1) C (0,1 —1/n), the difference ly(k; 5) —lp(k + 1 8) is a smooth and concave function
of 6 and is increasing. Similarly, 1,(k;6) — l,(k — 1;9) is a smooth and convex function of § and is
decreasing. Naturally, an interval can be defined:

Ag = {S € G(k); conditions are satisﬁed} = (ak, bx) (29)

for some k € {2,...,n—2}.

Lemma |4 implies that on this interval, there exists d, € G(k) such that k* = argmax;, lp(k’;go),
where k* denote the rank of the parameter W.
_ Following Lemmas [4 and [4], since ap- < u(ap) < u(bpe) < b= or A+ # @, there must ewist
5o € Age, such that L(k*;8,) — Ly(k* + 1:8,) > 0 and L(k*;0,) — L(k* — 1;0,) > 0.

Since the probability that two sample eigenvalues are identical is 0, then uq(k*) < up(k™) implies
the existence of some

9o € (u(ags), u(bgx)) C (ag=,bgx) C G(E* +1) C (0,1 —1/n), (30)
which concludes the proof.

A final note, relating to the use of the data averaging heuristic, is that as m — oo, we have
ZZEZ?) — 00 and |uy(k) — ua(k)| — 0 for k > k* such that k* = argmax,, I,(k';d,). In other words,
the consistency of the data averaging procedure hinges on the convergence of sample eigenvalues to
the true population values. In finite samples, the correct estimate will depend on both the rate of
convergence, the signal-to-noise ratio, and additional factors that impact the behaviours of the sample

eigenvalues.
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