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Example 2.2.2 The Monze Hall Problem.

doors. The contestant is asked to pick a door. By the principle of insufficient reasop
the contestant concludes that the probability they will win the prize by selecting
any door is ] /3 and chooses J. After the contestant picks door /, the host of the
show, Monte Hall, opens door /7 to reveal a goat. The contestant is then offered the

The set of possible outcomes is O = {(1,[1,1[1).(],IH.H).([].[]].[)} where
the first'two coordinates of ¢ € Q indicate the doors concealing goats. Then 4 =
{(I1.111.1)} is the event that the contestant will win the prize by not switching and
B={(1.11.111).(11. {I1.1)} is the event that door /7 conceals a goat. Using the prin-
ciple of insufficient reason P(A) =1/3,P(B) = 2/3 and then, by the principle of
conditional probability, P(A |B)=P(A NB)/P(B) = (1/3)/(2/3) = 1/2 and so there
doesn’t appear to be any reason to switch.

It is necessary to consider, however, how the information was generated. Again
it is clear that E(LILI) = ILE(1.11.11) = I11 and the value of E(I1.111.1) is not
determined. If Z(/7.77]. 1) = I, then the relevant conditional probability of winning
by not switching is 1/2 but, if E(I1.111.1) = I11. then the relevant conditional proba-
bility is O since E~7{/7} = {(7.11.111)}. More generally, it may seem plausible that
the host used a random System to generate what is reported to the contestant., So sup-
pose there is an auxiliary variable U such that PU=1II)=p.P(U = )y =1-p
where p € [0. 1] is unknown to the contestant. Then consider the information gener-
ator Z*(w, U) for the enlarged response (@.U), which is again given by (2.1). With
this information generator the unconditional probability that /7 will be opened by the
hostis-1(1/3)+0(1/3) + p(1/3)=(1+p)/3 and the unconditional probability that
the contestant will win by not switching and /7 will be opened is p(1/3). Therefore,
the conditional probability that the contestant will win by not switching is p/(1 + D)
and this can be any number in [0.1/2]. But this implies that the conditional proba-
bility that the contestant will win by switching is always greater than 1/2 and so the
contestant should always switch doors. Note that when p = 1/2. then the conditional

probability the contestant will win by switching is 2/3. Similarly. when the princi-
ple of insufficient reason is applied to p. the probability of winning by switching is
—0.307 = 0.693. So overall. based on this analysis, the contestant should always
switch. . '
Sometimes the conclusion that the contestant should switch is reached by the
following argument: the probability is 2/3 that the initial choice conceals a goat

5o the probability is 2/3 that switching will result in the contestant winning. But

this ignores the way the information is generated and is only appropriate when the
host randomly chooses a door based on the value of an auxiliary variable I/ with
P(U = II) = 1/2. If the contestant is told how the information was generated, then'
the probability of winning by switching is not ambiguous but otherwise it is. It can
still be concluded. however. that switching is appropriate.

This example has engendered a considerable amount of discussion among both
statisticians and non-statisticians. The paper by Morgan. Chaganty. Dahiya and
Dovial (1991) presents a correct analysis. M
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