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I1.5 Conditional Probability

- given probability model (0, A, P) where P(A) measures the belief that
the unknown w € A€ A

- suppose it is learned that w € C € A where P(C) > 0

- how does this change the belief that w € A?

Principle of Conditional Probability: if P(A) is the initial
probability assigned to event A and event C is observed to be
true where P(C) > 0, then our belief in the truth of A is now

given by P(A|C) = P,(;EQ.)C), the conditional probability of A

given that C is true.

- this is a basic axiom of inference but there are some cautions to bear in
mind
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Example 11.6.1 Three Prisoners Problem
- suppose there are 3 prisoners [/, I/ and I/l

- they are told two will be executed and one will live and that this has
been decided

- prisoner | asks the jailer to name one of the other prisoners who will be
executed and is told // as the jailer doesn't believe this information is of
any value to /

- I's intial belief that they will live is, via the Principle of Insufficient
Reason, 1/3 but after receiving this information concludes this probability
is now 1/2 and so feels some relief

- is that correct?
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- possible outcomes
weQ={0 100, (L, (L}

where first two coordinates indicate those to be executed
A=A}

- since | believes the assignment as to who will live is is random (meaning
uniform here) so P(A) =1/3

- 1 assumes C = {(/, 11, 11I), (11,111, 1)} where P(C) =2/3 and so

_P(ANC) _P(A) 1/3 1
P(ATC) = P(C) ~ P(C) 2/3 2

- but consider different scenarios for how the jailer generates the
information " /I will be executed"
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- suppose, the jailer generates a random variable U where
P(U=1l)=p,P(U=1ll) =1—p and let E(w, U) be the report then

E((1, 11, 111),U) = Il forall U
E((1, 10, 11),U) = Il forall U
(0,0, 010 = 1
(M0, 1) = i
- then by TTP
P("Il is reported") = %.1 + %.O + %.p = %(1 +p)
P("Il is reported and [ lives") = %p
P("I lives" | "Il is reported") = _P € [0, 1}
14+p 2

and the conditional probability is only 1/2 when p =1, is 1/3 when
p = 1/2 (Principle of Insufficient Reason again?) and is 1/11 when
p =1/10, etc.
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- moral
When conditioning on information we need to know exactly how
the information was generated, namely, we condition on the
value of a known function (the information generator).

Exercise 11.5.1 Suppose in the Three Prisoners Problem the Principle of
Insufficient Reason is applied to p so that p ~ U[0, 1], (p is a nuisance
parameter). What is the value of P("/ lives" | "/l is reported") under these
circumstances?

Exercise 11.5.2 Monte Hall Problem

A contestant in a game show is given the opportunity to open one of three
doors. Behind one door is a pot of gold and behind each of the other
doors is a goat. The contestant picks a door but before opening it, the
host (Monte Hall) opens one of the other doors which reveals a goat and
the offers the contestant the opportunity to switch. Is there any benefit to
switching? Analyze the situation as we did with the Three Prisoners
Problem.
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- what about when P(C) = 0?

- suppose X € R¥ has a.c. distribution with density function fx and
T :RK — R is smooth (k > /)

- then the conditional density function of X given T(X) =y is, when
xe C=T Yy},

o Px(By, ()| Bsy(y))
fX|Y(x|y) _&ll(l)c?zlo ” \/50/(851(;:)

Px(Bs, (x)NT 1 Bs, (y)) Vol(Bs, (x)NT 1By, (y))
Vol(B;, (x)NT ~1Bs, (y)) Vol(Bs, (x)Vol(B;s, (y))

- (51l|(|),r:51210 Py (Bs, (y))
Vol(Bs, (y))
fact fx(X)JT( )
= where
fr(y)
AT (%) AT (%) AT (x) AT \ /|72
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- problems do arise where P(C) = 0 and we are not told how C was
generated

Example 11.5.2 Borel paradox

- =R?and X ~ N,»(0,/)

-C={x:x1 = x}

- what is the conditional distribution of X given X € C?

- this is an ill-specified problem as it has not been specified how C was
determined

-eg. T(X)=Xy—X; ~N(0,2) and C = T1{0} gives conditional
density
(27r) Lexp(—x'x/2)

f(x|C) = (27.[)71/22—1/2

with x’x = 0

- but if T(X) = X3/X; then a completely different conditional distribution
of X on C is determined (Exercise 11.5.3) B
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- in the continuous case you need to fully specify a partition to determine
the conditional distribution uniquely

- this is equivalent to specifying how the information was generated
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