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I11.4 Exponential families

Definition 111.4.1 A model {fy : 6 € ®} is of exponential form if

fo(x) = exp{n"(0)t(x) — A(6) }h(x)
wheret : X - RK h: X - [0,0) and 7: ® - R*. &

Example 111.4.1 N(p,0?) where § = (i, 0%) € @ = R x [0, )
- then

fiuor)(x) = (27102) 2 exp{—(x — p)? /20%}
= (27‘[)_1/2exp{( —1/20% u/o?) ( );2 )—(Iog(72+y2/02)/2}

is of exponential form with *(0) = ( —1/20% u/0? ), t(x) =
(x% x )" A@B) = (logd® +p2/0%) /2, h(x) = 2m) /> W
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- note - if x = (x1,...,Xp) is iid from fy having exponential form, then the
model for x has exponential form

n

folx) = _r"yew = exp {nf(@) ) tl) - A<9>} ﬁlh(x»

and so it is immediate that T(x) = Y./_; t(x;) is a sufficient statistic

Definition 111.4.2 The functions 77, ..., Ny : © — R are affinely
independent if, whenever a+ Y *_; biz7;(6) = 0 for every 6 € ©, then we
must have a=b; = --- = b, = 0.

- consider 7 = (11, ..., 11,) in Def. 111.4.1 and suppose that
a+ YK bn;(0) =0 forevery § € ® and by # 0

Michael Evans University of Toronto https:/,Theory of Statistical Inference - Lecture IIl.4



- then we have that by, (8) = —a — Y5 biny;(#) and so

k
7'(0)t(x) = ) m;(0)ti(x)

- »

= ; 1;(0)ti(x) — bx <a+ ; bz’7,(9)> tk (x)
k-1

= ; 17,(0) (ti(x) — bbite(x)) — abxtx(x)
k—1

o 7,(0)] (x) — abyti(x)

Proposition 11.4.1 A model having exponential form can always be
specified so that the 7 function has affinely independent components.
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Proposition 11.4.2 If a model has exponential form and the components
of 7 are affinely independent, then t is a mss.
Proof: Suppose L(6|x1) = c(x1,x2)L(0 | x2) for all # € ® and so
X1, Xp are in the same mss equivalence class. This implies that
L(O|x) ‘ h(x1)
c(x1, %) (00 P (7°(0)(t(x1) — t(x))) h(x)
for every 6 and so 17*(0)(t(x1) — t(x2)) is constant in 6. Since the

components of # are affinely independent this implies that t(x1) = t(x2)
which, by the sufficiency of t implies that t is a mss.

Example 111.4.1 (continued)

- for a sample of n we have that T(x) = ( L7_; x* Y7 x )t is a
sufficient statistic and since (%, Y0, (x; — %)?) is a 1-1 function of T,
then this is also a sufficient statistic

- now suppose, for every (u,0?)

a+ by (—1/20° + by(p/0?) =0
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- letting 02 — oo implies a = 0, then putting # = 0 implies by = and then
choosing (1, 0?) so that u/c? # 0 implies by = 0 so

17, (u,0%) = —=1/20? and 17,(u, 0%) = /0 are affinely independent
which implies (%, Y71 (x; — %)?) is a mss for this model B

Exercise 111.4.1 Show that the following models are of exponential form
and determine a mss under iid sampling:

(i) {Poisson(A) : A > 0},

(i) {gamma(a, A) : A > 0},

(iii) {multinomial(n, p1, ..., px) : pr > 0,...,px > 0},

(iv) {Na(p,Z) : u € R, € R?*2 pd.}.
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Proposition 11.4.3 A model {fy : 6 € ®} has exponential form iff the
dimension of L{logfy : 6 € O} is finite.

Proof:

=) We have that

log f(x) = Y51 17,(0)ti(x) — A(6) +log h(x) € L{1,t1,..., ti, logh}
which has finite dimension.

<=) Then L{logfy: 6 € O} has a finite basis log fy,, ..., log fy, and so
log fy(x) = Y01 17,(0) log fo, = Y1 1,(0) ti(x) for some 77: ® — R¥. W

note - when L{log fy : 6 € ®} is finite dimensional with basis

log fg v ..., log fy,, then t(x) = (log fy, (x), ..., log fy, (x)) is sufficient and
so the mss is finite dimensional so "maybe" the best definition for a mss
to be finite dimensional is to say L{logfy : 0 € @} is finite dimensional
which is equivalent to saying the model is of exponential form

Exercise 111.4.2 Show that for an exponential family

fo(x) = exp{n*(0)t(x) — A(6) } h(x), if there exists 6y € ® and for some
5 > 0, the ball Bs(17(6p)) C {n(0) : 6 € ©}, then t is a mss. Hint: can
the 77, be affinely dependent in B;(1(60))?
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Example 111.4.2 A model not of exponential form
- suppose fa(x) = 1/7(1+ (x — 0)?) for 6 € R (location Cauchy model)

- what is the mss when sampling from the location Cauchy?

- note that
n n
r [+ (e —0)) 7 =[]+ () —0)) 7
i=1 i=1
and so the order statistic (x(l), . ,x(,,)) is sufficient

- consider the polynomial H7:1(1 + (x(7) — 6)?) of degree 2n which has
no real roots and complex roots x(; & /—1 which are distinct wpl

- therefore knowing the likelihood function we can compute the order
statistic (x(l) ..... x(,,)) which proves that the order statistic is mss

- so there is no real reduction in this case
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- if the dimension of L{logfy : 6 € O} is finite then this model would be
of exponential from Proposition 11.4.3

- and then the mss under sampling would be of the form
T(x) = Y7 t(x;) for some function t : X = R — R¥ where
k = dim L{logfy: 0 € ®} and so T : R” — R*

- but the order statistic (x(l), .. .,x(,,)) :IR" — IR" and the probability
that it lies in a lower dimensional subspace is 0 because the probability the
sample x = (x1,...,xp) is in a lower dimensional subspace is 0 when
sampling from the Cauchy (all lower dimensionsal subspaces have
probability content 0)

- as such this model cannot be of exponential form and so
dimL{logfy:0 € @} =cc A

- for more on exponential families see book Efron (2023) Exponential
Families in Theory and Practice.
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