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III.4 Exponential families

De�nition III.4.1 A model ffθ : θ 2 Θg is of exponential form if

fθ(x) = expfηt (θ)t(x)� A(θ)gh(x)

where t : X ! Rk , h : X ! [0,∞) and η : Θ ! Rk . �
Example III.4.1 N(µ, σ2) where θ = (µ, σ2) 2 Θ = R� [0,∞)
- then

f(µ,σ2)(x) = (2πσ2)�1/2 expf�(x � µ)2/2σ2g

= (2π)�1/2 exp
��

�1/2σ2 µ/σ2
� � x2

x

�
� (log σ2 + µ2/σ2)/2

�
is of exponential form with ηt (θ) =

�
�1/2σ2 µ/σ2

�
, t(x) =�

x2 x
�t
,A(θ) = (log σ2 + µ2/σ2)/2, h(x) = (2π)�1/2 �
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- note - if x = (x1, . . . , xn) is iid from fθ having exponential form, then the
model for x has exponential form

fθ(x) =
n

∏
i=1
fθ(xi ) = exp

(
ηt (θ)

n

∑
i=1
t(xi )� A(θ)

)
n

∏
i=1
h(xi )

and so it is immediate that T (x) = ∑n
i=1 t(xi ) is a su¢ cient statistic

De�nition III.4.2 The functions η1, . . . , ηk : Θ ! R are a¢ nely
independent if, whenever a+∑k

i=1 biηi (θ) = 0 for every θ 2 Θ, then we
must have a = b1 = � � � = bk = 0.
- consider η = (η1, . . . , ηk ) in Def. III.4.1 and suppose that
a+∑k

i=1 biηi (θ) = 0 for every θ 2 Θ and bk 6= 0
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- then we have that bkηk (θ) = �a�∑k�1
i=1 biηi (θ) and so

ηt (θ)t(x) =
k

∑
i=1

ηi (θ)ti (x)

=
k�1
∑
i=1

ηi (θ)ti (x)� bk

 
a+

k�1
∑
i=1

biηi (θ)

!
tk (x)

=
k�1
∑
i=1

ηi (θ) (ti (x)� bkbi tk (x))� abk tk (x)

=
k�1
∑
i=1

ηi (θ)t
�
i (x)� abk tk (x)

Proposition II.4.1 A model having exponential form can always be
speci�ed so that the η function has a¢ nely independent components.
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Proposition II.4.2 If a model has exponential form and the components
of η are a¢ nely independent, then t is a mss.
Proof: Suppose L(θ j x1) = c(x1, x2)L(θ j x2) for all θ 2 Θ and so
x1, x2 are in the same mss equivalence class. This implies that

c(x1, x2) =
L(θ j x1)
L(θ j x2)

= exp
�
ηt (θ)(t(x1)� t(x2))

� h(x1)
h(x2)

for every θ and so ηt (θ)(t(x1)� t(x2)) is constant in θ. Since the
components of η are a¢ nely independent this implies that t(x1) = t(x2)
which, by the su¢ ciency of t implies that t is a mss. �
Example III.4.1 (continued)

- for a sample of n we have that T (x) =
�

∑n
i=1 x

2
i ∑n

i=1 xi
�t
is a

su¢ cient statistic and since (x̄ ,∑n
i=1 (xi � x̄)

2) is a 1-1 function of T ,
then this is also a su¢ cient statistic

- now suppose, for every (µ, σ2)

a+ b1(�1/2σ2 + b2(µ/σ2) = 0
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- letting σ2 ! ∞ implies a = 0, then putting µ = 0 implies b1 = and then
choosing (µ, σ2) so that µ/σ2 6= 0 implies b2 = 0 so
η1(µ, σ

2) = �1/2σ2 and η2(µ, σ
2) = µ/σ2 are a¢ nely independent

which implies (x̄ ,∑n
i=1 (xi � x̄)

2) is a mss for this model �
Exercise III.4.1 Show that the following models are of exponential form
and determine a mss under iid sampling:
(i) fPoisson(λ) : λ > 0g,
(ii) fgamma(α,λ) : λ > 0g,
(iii) fmultinomial(n, p1, . . . , pk ) : p1 � 0, . . . , pk � 0g,
(iv) fN2(µ,Σ) : µ 2 R,Σ 2 R2�2 p.d.g.
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Proposition II.4.3 A model ffθ : θ 2 Θg has exponential form i¤ the
dimension of Lflog fθ : θ 2 Θg is �nite.
Proof:
=)) We have that
log fθ(x) = ∑k

i=1 ηi (θ)ti (x)� A(θ) + log h(x) 2 Lf1, t1, . . . , tk , log hg
which has �nite dimension.
(=) Then Lflog fθ : θ 2 Θg has a �nite basis log fθ1 , . . . , log fθk and so
log fθ(x) = ∑k

i=1 ηi (θ) log fθi = ∑k
i=1 ηi (θ)ti (x) for some η : Θ ! Rk . �

note - when Lflog fθ : θ 2 Θg is �nite dimensional with basis
log fθ1 , . . . , log fθk , then t(x) = (log fθ1(x), . . . , log fθk (x)) is su¢ cient and
so the mss is �nite dimensional so "maybe" the best de�nition for a mss
to be �nite dimensional is to say Lflog fθ : θ 2 Θg is �nite dimensional
which is equivalent to saying the model is of exponential form

Exercise III.4.2 Show that for an exponential family
fθ(x) = expfηt (θ)t(x)� A(θ)gh(x), if there exists θ0 2 Θ and for some
δ > 0, the ball Bδ(η(θ0)) � fη(θ) : θ 2 Θg, then t is a mss. Hint: can
the ηi be a¢ nely dependent in Bδ(η(θ0))?
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Example III.4.2 A model not of exponential form

- suppose fθ(x) = 1/π(1+ (x � θ)2) for θ 2 R (location Cauchy model)

- what is the mss when sampling from the location Cauchy?

- note that

π�n
n

∏
i=1
(1+ (xi � θ)2)�1 = π�n

n

∏
i=1
(1+ (x(i ) � θ)2)�1

and so the order statistic (x(1), . . . , x(n)) is su¢ cient

- consider the polynomial ∏n
i=1(1+ (x(i ) � θ)2) of degree 2n which has

no real roots and complex roots x(i ) �
p
�1 which are distinct wp1

- therefore knowing the likelihood function we can compute the order
statistic (x(1), . . . , x(n)) which proves that the order statistic is mss

- so there is no real reduction in this case
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- if the dimension of Lflog fθ : θ 2 Θg is �nite then this model would be
of exponential from Proposition II.4.3

- and then the mss under sampling would be of the form
T (x) = ∑n

i=1 t(xi ) for some function t : X = R ! Rk where
k = dimLflog fθ : θ 2 Θg and so T : Rn ! Rk

- but the order statistic (x(1), . . . , x(n)) : Rn ! Rn and the probability
that it lies in a lower dimensional subspace is 0 because the probability the
sample x = (x1, . . . , xn) is in a lower dimensional subspace is 0 when
sampling from the Cauchy (all lower dimensionsal subspaces have
probability content 0)

- as such this model cannot be of exponential form and so
dimLflog fθ : θ 2 Θg = ∞ �
- for more on exponential families see book Efron (2023) Exponential
Families in Theory and Practice.
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