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IV.4. Unbiasedness

Definition IV.4.1 A § € D(19¢) is unbiased if
R9,5<// L(0', ) 8(x, dp) Py(d
0.0 < [, [ L0 )50 dp) Po(a)

for every 0,0" € @. Let Dy (19¢) C D(17¢) denote the subclass of
unbiased decision procedures. ll

- 50, if closeness of 1 to ¥(8’) is measured by L(6,1), then an unbiased
decision procedure chooses a value that on average is closer to the true
value than any false value.

- 50 now look for optimal unbiased & € Dy (/9¢)
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Example 1V.4.1 0-1 loss
suppose © = Uf-‘zl C; where C; N C; = ¢ whenever | # j
-so¥(@) ={G,..., Ck} and 0-1 loss

[0 whenbeC,p=CG
Loss(6, ) = { 1 otherwise

- 6(x, -) is a probability measure on {Cy, ..., Cx} and
Z Ic, (6 x, {G}9)
- for § to be unbiased for every 9, 4

k
; I, (0)Eq(d(x, {CGi}°) Ic,(6") Eo (6(x, { Gi}©)

A
7]

i=1
iff when 8 € (;, G/GC-
Ic,(0)Ea(0(x, {Ci}°) < I (8)Ea(3(x, {G}°)
<

prob. of rejecting C; when true prob. of rejecting C; when it is false
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- this applies to hypothesis testing as well (k =2) B
Example 1V.4.2 absolute error loss

- ¥(®) convex subset of R! so wlog restrict to estimators d and for
unbiasedness want, for all 8,6’

R(8,d) = Eg|d — ¥ (8)| < Eg|d —¥(0)]

- the following can be generalized to case ¥(®) C IR¥ (coordinate-wise)

Theorem IV.1 Estimator d is (abs. error) unbiased when ¥(0) is a
median of the distribution of d when 8 is true.

Proof: This follows from the following identity (Exercise 1V.4.1) when m
is a median of the distribution of r.v X with m a median of the
distribution of X (stated here for the case ¢ > m).

EIX—c|—EX—m| = (c—m)(P(X<m)—P(X>m))+
2/C(C—X)P(dx) >0

and equals 0 when ¢ = m and a similar identity applies when ¢ < m. .l
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Example 1V.4.3 quadratic loss

Theorem 1V.2 For a convex decision function D (/7€) with quadratic loss
an estimator d is unbiased iff Eg(d) = ¥(60) for every 6 € ©.

Proof: <]

Eo((d —¥(0'))"A((d —¥(6")))
= Ep((d — Ep(d))"A((d — Eo(d))) + (Ea(d) — ¥ (8')) A(Es(d) — ¥ (0)
> Ep((d— Ey(d))'A((d — Eo(d))) = R(6. d)
and so d is unbiased.

—

R(6,d) = Eo((d —¥(6))"A((d —¥(6)))
= Eo((d = Ep(d))"A((d — Ey(d))) + (Es(d) —¥(6))" A(Es(d) — ¥(6))
< E((d =¥ (0")"A((d —¥(¢))
and in particular when ¥ (0") = E4(d) and so
(Eo(d) —¥(0))" A(Eo(d) —¥(0)) =0
which implies Ey(d) = ¥(0). B
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Example IV.4.4 Not all parameters have (quadratic error) unbiased
estimators

- suppose the model is {binomial(n, 8) : 6 € [0, 1]
- then

o ! n k . n—k
B(T) = Y Ty ) -0

which is always a polynomial of degree at most n in 6

- so the only parameters that have (squared error) unbiased estimators for
this model are such polynomials, e.g. ¢ =¥ (6) = 60/(1 — ) does not
have an (quadratic error) unbiased estimator l

- an optimal unbiased estimator minimizes the mean-squared error
MSE(0,d) = Ep((d —¥(0))"A((d —¥(0))) = trace (Varg(d))

but even if a (quadratic error) unbiased estimator exists there may not be
an optimal one
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- sometimes there is an optimal unbiased estimator
Example IV.4.5

-x=(x1,..., %) iid Ni(p, Zo) with @ = R¥, 29 € Rk p.d. known,
and ¥ () = u

- then x ~ N (y,Xo/n) so X is unbiased and is minimal sufficient

- the family {Ni(p, Xo) : p € R} is complete, namely, if £, ;)(d) =0
for every p, then d = 0 with P, 5 ) probability 1 (Lehmann-Scheffe)

- so, if d(x) is unbiased for y then d(X) — % has mean 0 and so d(x) = x
and there is an optimal unbiased estimator l

- note - that minimizing the variance doesn’t mean that you have
minimized the MSE so no guarantee a UMVU estimator is admissible
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Example 1V.4.6

- x=(x1,...,x,) iid N(0,0?) with ® = [0, ), and ¥(0?) = ¢2, then
s> =YY" ,x?/nis a complete minimal sufficient statistic with

E,2(s?) = 02 so s? is optimal and using X = ns®/c? ~ chi-squared(n)

Var,2(s®) = MSE(0?,s%) = E»(s*) — o*
4 20.4

n+1)| n+1 T n4+1)| n+1
(2n+1)0* 2 1 . 20"

= 5 = — 5 [0 <7
(n+1) n+t1 (n+1) n

and so the UMVU estimator is not admissible B
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Example IV.4.7 hypothesis testing
~@=HyUH, HoNHy=¢
- we saw in Example IV.4.1 that § is unbiased iff

Iy (0) Eo(3(x, Ha)) < Iy, (0") Eg(d(x, Ho)) or

1 (0) Ex (9(x)) < I, (6') Ea(1 — p(x) or

prob. of rejecting Hy when it is true <

prob. of accepting Hy when it is true

- actually this just says that Ep(¢(x)) < 1/2 but if you allow for different
losses for type | error (cp) and type Il error (c1) then unbiased ¢ must
satisfy
c1/(co+ c1) when 6 € Hy
Cl/(Co + C1) when 0 € H,

Eo(¢(x))
Eo(¢(x))

- for size a choose (¢, c1) s.t. « = ¢1/(co+ 1)

<
>

- there is a theory of unbiased testing for exponential families which
generally works (depends on parameter)
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Example 1V.4.8 binomial point null

-x = (x1,...,xp) iid Bernoulli(8),® = [0, 1], Hy = {60} versus
H, = {GO}C

- the UMPU (uniformly most powerful unbiased) size « test is given by

1 fx<cgorx>o

) m ifx=aq
Poo (X) o Y ifx=o
0 otherwise

where the constants ¢i, ¢ and 4, 7, € [0, 1] are determined by requiring
the test be exact size « and unbiased

- this leads to the randomized confidence region

Clu,x) = {0 9y(%) < u}
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- what does unbiasedness mean for the associated confidence regions?

- suppose @, is unbiased size & for Ho = {60 :9(0) =, } versus
H, = Hg and put C(u,x) = {¢: ¢, (x) < u}

- note
P;(¥(0) € C(u,x))=1—un
Ps (¥(0) € C(u,x)) = Ep(P <(PW(0’)(X) < U))

= Eo(1— @y (x))
= 1— Ey(py(p)(x)) <1—a whenever 0 iss.t. ¥(0') #Y(0)
by the unbiasedness of the test

Definition 1V.4.2 A confidence region C for i = ¥(0) is unbiased
whenever the probability of covering the true value is greater than or equal
to the probability of covering a false value for every 6 € O.

- so for the binomial problem the confidence region obtained from the
optimal unbiased size « tests is a uniformly most accurate unbiased
(1 — a)-confidence region for 6
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