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IV.6. Modify the optimality criteria

- recall that the preference ordering < on D(/dec) is only a preorder so yo
can have J; ﬁ d> and &> ﬁ 01

- the basic idea is to find a method of totally ordering the elements of

D(19¢¢) in the hopes that this will lead to a & preferred to all others (not
necessarily unique)

- there are two such approaches in common usage: minimaxity and
Bayesian decision theory
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Minimaxity

Definition IV.6.1 § € D(/%¢) is minimax if

supg R(8,6) = infycpjaec) supg R(6,0").

- this totally orders D(/9¢)

Example 1V.6.1 location normal

- X1, ..., Xp iid Ni(p,03) where u € R is unknown and 3 is known
- problem is to estimate y using quadratic error

- so the problem is convex and we can restrict to nonrandomized d that
depend on the data only through the mss x

- let IT = N(0, %) be a prior probability measure on IR, then a Bayes rule
d minimizes Er(R(p, d(x)))
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- as is well-known the Bayes rule for this problem is given by the posterior
mean which is

d(x) = (n/o§ +1/7*)tnx/0} = a(T?)x
2

and note a(t?) — 1 as T2 — oo
R(ud(x)) = Eu(a(t®)x - p)®
Eu(a(T®) (x = p) — (1= a(7?))p)’
= a*(t®)o3/n+ (1 —a(t?)*u? and so
En(R(n.d(x))) = a*(t2)o3/n+ (1—a(1t?)?1®> = 03/nas 1° —

- for any other estimate d, € D(/9¢)
En(R(p, d(x))) < En(R(p, di(x))) < sup R(p ds)

and since R(p, x) = 03/ n this implies that
0%/n=supR(u,X) < supR(u, d:)
I3 I3

and so x is minimax
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Example IV.6.2 Jocation-scale normal
- X1, ..., Xp iid Ni(p,03) where (u,0?) € R x (0, 00) unknown
- problem is to estimate y using quadratic error

- so the problem is convex and we can restrict to nonrandomized d that
depend on the data only through the mss (%, s?) where

s? =Y (x —%)?
- R((n,0?),%) = 0/n and for fixed ¢ previous example implies

‘f = sup R((p,0%),%) < sup R((n.0?),d(x))

for any other d € D(/9¢)

- now sup, o2y R((p, 0%), %) = co which implies

X1
Il
3

sup R((pt,0%),d(x)) > supsup R((u,c?), d(
(,02) o M

- therefore, all d € D(/9¢) are minimax B
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- minimax regret as a possible fix to the overall minimax problem (?7)

Definition IV.6.2 The regret function for 5 € D(19¢) is given by

Regret(0,0) = R(6,6) — inf  R(6,6"
cart(0.0) = R(O.9) = i R(8.8")
where D*(19¢¢) C D(19¢). A decision function &y satisfying

R(8,09) = infscpe(jaec) R(6,87) is called an oracle decision function and
inf 5+ cpe (jaecy) R(6,07) is the oracle risk.infg: cp- (jaecy R(6,07). If

sup Regret(6,60) = ir(}f sup Regret (6, 0)
0 0

then & is a minimax regret decision function.

- note - if D*(/9¢) = D(/9c), then inf g+ cpe(joecy R(0,0") = 0 because,
for fixed 0, then dg(x, {¥(0)}) =1 has Loss(0, ¥(0)) = 0 which implies
R(6,89) = 0 and so Regret(6,5) = R(6, ) and minimax regret is just
minimax and nothing is accomplished over minimaxity, so need to restrict
D*(ldec)

Michael Evans University of Toronto https:/,Theory of Statistical Inference - Lecture V.6 2026 6 /15



Example IV.6.3 Jocation-scale normal (continued)

- define oracle estimator to be x because it UMVU, optimal invariant and
admissible which implies so oracle risk is 02/ n (could take D*(/9%¢) = set
of all unbiased estimators)

- this implies that Regret(6, x) = 0 and admissibility implies that x is the
minimax regret estimator

- now suppose it is known that —M < u < M'UrzT1in <0< Uﬁm

- let d(x) = 0so R((u,0?),d) = u® so

Regret((u,0%),d) = u?— 0?/n which implies
sup Regret((u,0?),d) = M?>—o2. /n<c*/n
(n.0?)
when M < /(02 4+ 02, )/n and so X would no longer be minimax regret

although it would be asymptotically l
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Bayesian decision theory

- we add a component to /82ves de¢ — ({f,: § € @}, Loss, 7T, x)) where 7
is a probability density on @ called the prior

Definition 1V.6.2 For /9 the prior risk of 6 € D(/9¢) is
r(8) = Ex(R(8,9)) and 4o is a Bayes rule if r(do) = infscp(jaec) r(6). W

- typically a Bayes rule exists and so is a solution to the decision problem
IBayes dec

- note that (6, x) has a joint probability distribution (interpreting density
fy as the conditional density of x given 0) with density 77(0)fy(x)

- when we observe x the principle of conditional probability says we replace
the prior 7t by the posterior density

7(6)fy(x)
m(x)

is the prior density for the data called the prior predictive

(0] x) = where m(x) = /@ 72(0)fy(x) d6
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- in the search for the Bayes rule the following result is useful

Proposition 1V.6.1 If §; minimizes the posterior risk
r(6 :// Loss(8, )8(x, dyp) (8 x) d
010 = [ ;o Loss(®.1)60x.dp) (8 1)

for each x € X, then Jy is a Bayes rule.
Proof: For § € D(/19¢) we have

r(é) = EH(R(G’é)):/@R(G,é)ﬂ'(G)dQ
= | [Y@) Loss (6, 1)8(x, dip)fo(x)7(6) dx d6

_ /X ( /@ [P o Loss(9,1p)5(x,dtp)7r(9|x)d9) m(x) dx
_ /Xr((5|x)m(x) de/Xr(éo|x)m(x) dx = r(5). W
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- note - in general L(6, ) is dependent on 6 only through ¥ (6) so can
write L(6, ) = L('¥(0), ¢)

-and 71(0) = (6 | ¢) 7ty (¢) where 7T(6 | 1) is the density on the
nuisance parameters and 7ty () is the prior on the parameter of interest

- put my(x) = f‘l”l{w} fa(x)7t(0 | ) dO leading to model
{my :¢p € ¥(0)} and inference base for ¥ given by
lg?® %€ = ({my : € ¥(0)}, Loss, my, x) and

r(6) = /@/X <[Y(®) Loss("F(6), ¥)d(x, dlp)) fo(x)7t(6) dx db
B A(@) /\YW} | sy (Loss( ) o ()t (0] ') e (') abe 00 dy!
= [y Ju B (Loss @) [ 6((6] ) o6y (¢')
= A(Q) /X Es(x.y (Loss(y', 1)) my (x) (') dx dyp/
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- we conclude that the original decision problem
|Bayes dec — (1, . 9 € ©}, Loss, 7, x)
can be replaced by

I\Il?ayes dec _ ({ml,lz € ‘P(Q)}, Loss, rty, x)

- note too
o R 1)
‘I’(lp‘ ) Al{l/’} <0’ )d@ [Fl{lp} m(X) a6
() i o do = Tr@)my(x)
~ Tmx) [I’l{lP} O19)(x) db = m(x)
and

m(x) = /fg de—/ Al{w} x) d6 ¢ () dip
= om0 e (8

- we integrate out nuisance parameters, i.e., nuisance parameters aren't a
problem in a proper prior Bayesian formulation
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Example 1V.6.4 Estimation with quadratic loss

- convexity implies we can restrict to nonrandomized rules d then
assuming Eq, (.|, () is finite

r(d]x) = Eny(0((d(x) =) Ald —¢))
Erea (- 1) ((d (%) = By (1) ($) + Ery - \X)(ll]) ¥)FA())
= (d0) = Eny (1) () AC) + Eg (13 (Erg 1) (#) = 9)"A().

and since each term is nonnegative this is minimized by taking

d(x) = Epy(.|x)(§) so the posterior mean is a Bayes rule B
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Example IV.6.5 Hypothesis testing
-O@=HyUH, HhNH, =¢
- recall with 0-1 loss and ¢(x) = é(x, H,)

Ho|x) = /@[F@) Loss(8, )6 (x, d) (6 | x) d6
~ / p(x)7 (0| x) d6 + / (1— (x)))7(0 | x) d6

0

= II(Ho [ x)@(x) +II(Ha, [ x)(1 — ¢(x))
and so Bayes rule is given by

(x) = 1 TI(H,|x) > TII(Hy | x)
4 0 TI(H,|x) < II(Ho|x)
- when TT(H, | x) = TI(Hp | x) = 1/2, it doesn’t matter which you accept

- when TI(Hp) = 0 then II(Hp | x) = 0 and we always reject Hy which
doesn’t make sense B
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- there are a variety of results that show that Bayes rules are admissible

Proposition 1V.6.2 If § is a Bayes rule and it is unique up to risk
equivalence (two Bayes rules have the same risk functions) then ¢ is
admissible.

Proof: Suppose R(6,60) < R(6,6) for every 8. Then r(dg) < r(d) which
implies r(d9) = r(6) which proves R(6,60) = R(6,6). B

- for any Bayes rule 4, if R(0,5p) < R(0,0) for every 6, then the above
shows that R(6,60) = R(6, ) with prior probability 1

Corollary IV.6.1 If ® = {60;,...,60} and 71(8) > O for all 0, then a
Bayes rule is admissible.

Proposition 1V.6.3 If © = {61,...,0«} and J is admissible, then J is a
Bayes rule for some prior.
Proof: accept.

- there are a wide variety of results generalizing these results on
admissibility
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Personal Opinion

The only approach to decision theory that seems fully
satisfactory is Bayesian decision theory. Still Bayesian decision
theory requires a loss function, which is generally not falsifiable,
so it seems unsatisfactory for scientific applications. More
significant, however, is that Bayesian decision theory contains no
measure of the reliability of the inferences, is based on the
somewhat arbitrary choice of averaging losses and there is no
clear definition of what is meant by statistical evidence. There
are also examples where Bayes rules, like posterior means, seem
less than satisfactory as does hypothesis testing when

I1(Ho) = 0 or even when it is small.
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