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V Fiducial Inference and Structural Inference

- this is an idea due to Fisher who probably recognized a problem with the
confidence concept, namely, if we report a 7y-confidence region Cy(x) for
P =Y(0), so

Po(C(x)) = v

for every 0 € ©, then we would like to say "the probability that the true
value of ¢ is in Gy(x) is at least 7" but we can't

- instead we say "if we repeated this experiment many (infinite) times, a
proportion at least ¥ would result in the true value being in the region"
which doesn’t seem that compelling when considering the given data

- this together with the other counter-intuitive behavior of the confidence
concept leads to a search for a better approach and Fisher's fiducial is one
such attempt
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Definition V.1 For model {fy : 6 € ®} suppose that T: ©® x X — R is
pivotal (T (6, x) has the same distribution for every 6). Then for A C ©
the fiducial probability of A, when x has been observed, is given by

Priduciai x(A) = P({t : T(6,x) =t for some 8 € A}). &

- note - irrespective of the true value of 6, we know the probability content
of B={t:t= T(6, x) for some 6 € A} before we see the data, so is it
reasonable to transfer our belief concerning B to A after seeing the data?

- the fiducial probability is not obtained by conditioning or by putting a
prior on 0
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Example V.1

- suppose S(x) € R and let T(6,x) = Fp s(S(x)) be the cdf of S when
# € R is the true value

- when S has a continuous distribution for each 6 and Fy s(s) is strictly
increasing in s, then, when t € [0, 1] we have P(T(6,x) < t) =t for
every 0

(Proof: When X ~ F, then

P(F(X) <u) =P(X < F7H(u)) = F(F (1)) = u.)

- suppose in addition that T (6, x) is increasing in 6 for each x, then for
given x

Priduciai x(0 < 6p) = P({t: T(8,x) =t for some 6 < 6p})
T (60, x) — 92(1;0 T(6,x)
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-if AB C ©® and AN B = ¢, then when T (-, x) is 1-1 for each x

Ptiduciai x(AUB) = P({t: T(6,x) =t for some 8 € AUB})
= P({t:T(0,x)=tforsomeb c A} U
{t: T(6,x) =t for some 6 € B})
= P({t:T(0,x)=tforsomebc A})+
P({t: T(0,x) =t for some 6 € B})

and so Pggucia is additive but
Priduciai x(®) = P({t: T(6,x) =t for some 6 € ®)})

is not necessarily equal to 1 unless T (-, x) is onto the range of T
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- perhaps the easiest context for the fiducial argument is when
{fy : 0 € ®} is a group family (Fraser's structural inference) recall

Definition 1V.5.3 The model {f : 6 € ®} is a group model if for some
transformation group G acting on X and any 6g, there is unique g € G
s.t. Py = PE(GO) = P90 ngl. |

- we can write a group model algebraically as structural equation

x = g(z)

where z ~ Py, since Py, (g(z) € B) = Py,(g 1B) = Py, 0 g (B) and we
refer to z as the error distribution

- note that when the group acts freely on ® (for any 6, g1(0) = g2(0) iff
g1 = &») then, after choosing 6 we can replace we can replace the
parameter space ® by G since 6 identifies g in g(6y) and conversely
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Definition V.2 For group G acting on X’ the set
Orb(x) = {g(x) : g € G} is called the orbit of x. l

Lemma VI.1 The orbits partition X.

Proof: Clearly X = U,cx Orb(x) since x = e(x) € Orb(x). If

x € Orb(x1) N Orb(xy), then there exists g1, g2 s.t. x = g1(x1) = g (x2)
SO x| = gfl(gg(xz)) = (gfl -gg) (x2) and so x; € Orb(xz), which
implies Orb(x;) C Orb(xz2) and similarly Orb(x2) C Orb(x1) so

Orb(x1) = Orb(x;). A

- let orb(x) € Orb(x) be s.t. orb(g(x)) = orb(x) for all g € G so orb is
invariant under G and, assuming G acts freely on X, define [-] : X — G
by x = [x](orb(x))

Lemma V1.2 [-] is equivariant.
Proof: We have

and also
g(x) = g([x](orb(x))) = (& - [x])(orb(x))

and so by the freeness we must have [g(x)] =g - [x]. B
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- SO we can write

x = [x](orb(x)) = g(z) = g([z](orb(2))) = (g - [2]) (orb(2))

and since orb(x) = orb(z) this implies

and so
g=[ [z (1)

- once we have observed x, then [x] is known, but [z] 7! is not known but

follows a probability distribution and so (1) induces a probability
distribution on g (called the structural distribution) and recalled g is just
another way to parameterize {fy: 0 € ©®} so g < 6
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- what probability distribution does [z], and thus [z] 7}, follow?

- note that by observing x we know orb(x) = orb(z) and so we know
something about z and thus [z]

Lemma VI1.3 orb is an ancillary statistic.
Proof: We have for any 6

Po(orb(x) € O) = Py, (orb(x) € O)
= Py, (orb(g(x)) € 0)

= Py, (orb(x) € O)

and so the distribution of orb is independent of 6 and fixed by 6. l

- therefore, it is natural to take the structural distribution of [z] ! in (1) to
be its conditional distribution under Py given orb(x), namely, for H C G

Pgo([z]_l € H|orb(x))
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Example V.2

-x=(x1,...,xp)" € R"iid N(u, 1) where u € R is unknown so
x ~ Ny(ul,, 1)

- G = (R, +) is a group acting on R” via g(x) = g1, + x and the action
is free

- clearly this group leaves the model invariant and the model is a group
model

- we can take the error distribution to be any N,(py1,, /) but here we
choose z ~ N,(0, /) so we have structural equation

x=pul,+z

and we can identify the group here with the parameter
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- then

Orb(x) = {plp+x:peR}={ul,+x1,+ (x—x1,):p € R}
= {(p+x)1,+ (x—x1,) : p € R}
= {pl,+ (x—x1,) : p € R}

and so x — x1, € Orb(x) and if y € Orb(x), then for some u,
y=plo+x= (p+X)1n + (x = X1,)

soy —yl, = x — x1, so we can take orb(x) = x — x1, and then [x] = x

- note [z] 7! = —Z so the structural distribution of u is given by
n=Ixlz 7 =x-2z

where Zz has the distribution of the sample average from a sample of n
from a N(0,1) given z — z1,
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-using 1, L z—12z1,

(2m) " %exp (—2'2/2) = (2m) " %exp (— (21, + (z — 21,)(-)/2)

= (21) " exp (—nz?/2) exp(z — 21,)'(+) /2)
so z ~ N(0,1/n) independent of z — z1,
- therefore the structural distribution of u is N(x,1/n)

- note that the structural probability that

weEx—n 220 )0 %407 22040 0]

is 7y and this is also a y-confidence interval for x W

- the correspondence between structural probability and confidence will
only happen for parameters that have an induced action under the group,
for example, in Ex. V1.2 then ;tz does not have an induced action

- in such a context is the marginal distribution of u? when y ~ N(x,1/n)
the correct structural distribution?
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- of some interest is that in Ex. V1.2 if we change the family of
distributions to say x = ul, + z where z is a sample of n from any
absolutely continuous distribution on IR, then the same analysis goes
through except the conditional distribution of z given z — z1,, will depend
on z—1z1,

- basically with any group G acting freely on X’ you can take any
distribution P on X for the error z ~ P and then

x=g(z) ~ Py, =Pog!

- there are many examples of group models where the structural argument

applies such as linear regression models

- one interesting aspect of structural inference is that it is also equivalent
to an improper Bayesian analysis (to be discussed)

- one issue is that sometimes a model can be represented in different ways
and then structural inferences of the same parameter can be different, this
is known as the marginalization paradox
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Example V.3

- suppose x ~ Ni(u, %) and write (spectral decomposition) £ = QAQ*
where Q is k X k orthogonal, A is k x k diagonal with positive elements
on the diagonal

- then, using Gram-Schmidt on the columns in the order first to last, we
can write ©1/2 = QA/2Qt = U; Ty where U; is k x k orthogonal, and
Ty is k X k upper triangular with positive elements on the diagonal and
oY = (21/2)t21/2 =TTy = TAT) where To = T is lower
triangular with positive diagonal (Cholesky factorization of %)

- but we can also do the Grahm-Schmidt process on in the reverse order
(last column to first) to obtain £1/2 = U, Tx where Uy is k x k
orthogonal, and Tx is k X k lower triangular with positive elements on the
diagonal and so X = (21/2) V2 = TLTA = Ty TE where Ty is upper
triangular with positive diagonal
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- the model {Ny (1, Z) : u € R¥,Z € R**k p.d.} is a group model via the
action
x = Ta)(z) = p+ Tarz

where z ~ Ni(0,1) and Go = {(4, TA) : u € RK, Tp € R¥*K lower
triangular with positive elements on the diagonal} with product

(B, Tar) - (o0 Tao1) = (B + Tatpy, Tar Ta21)

and note that for a sample x = (x1 ..... x,,) the group acts
coordinate-wise as g(x) = (g(x1),...,&(xn))
- but it can also be written as

x=(u, To)(z) =p+ Tvz

where z ~ Ni(0,1) and Gy = {(u, Ty) : u € R¥, Ty € Rk upper
triangular with positive elements on the diagonal} with product as above
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- using G, then for a sample [%x, Sy ], where S, = (n-1) times the
sample covariance matrix, is equivariant and orb(x) = [, S,a]~!x which
induces structural distribution

(V' TA) = [)_(v SXA][zr SZA]_I

based on the distribution of (z, S, ) (this is independent of orb(x)) and
this in turn induces a distribution on X = Tx Tg

- we can do the same thing but using Gy and problem is (marginalization
paradox) that the induced distribution on £ = Ty T{ is not the same as
that obtained using Ga

- so which group is correct (if any)?

- Fraser would argue that the group structure is an explicit part of the
model and so one should not be surprised by different answers, but the
difficulty is how to see what determines this in an application

- this is also a problem for the improper prior approach as the different
groups lead to different improper priors and so different inferences ll
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- there has been, and there still is, considerable research activity around
fiducial such as generalized fiducial (see the work of Jan Hannig),
confidence distributions (see the work of Minge Xie), belief fuctions (see
the work of Art Dempster) and inferential models /imprecise probability
(see the work of Ryan Martin)

- while there is lots going on in this area, it doesn’'t seem to me that the
basic issues associated with fiducial have been resolved, but perhaps in the
future they will be
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